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Continuity and Differentiability

Question 1

e?>] o< 0

Let flx) = { )
) 2 —=5z2+6 x>0
continuous and is not differentiable are o and 7 respectively, then o + 7 is equal to

and g(xz) = f(|z|) + | f(x). If the number of points where g is not
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Graph of f{x)
Answer: 4

Solution:

Ol N3
Now graph of f{|x])

f{]x|) is continuous funetion and itis non diff. atx =0
Graph of |f{x)

First look at | f(z)|.
For & < 0, we have f(z) = e®~!, which is always positive, so | f(z)| = €®~1. This part is continuous and differentiable for all z < 0.

For 2ge0, f(z) = 2% — 5z + 6 = (z — 2)(z — 3). This becomes 0 at z = 2 and = = 3, and.it changes sign between 2 and 3. So when we take absolute value, | f(z)| gets a “sharp
corner” at x = 2 and ¢ = 3, hence it is not differentiable at x = 2, 3.

Atz = 0, check continuity of | f(z)|: left value tends to |e~!| = e, but right value is | f(0)| = |6| = 6. Since these are not equal, | f(z)| is discontinuous at z = 0 (and therefore
also not differentiable at z = 0).

Now. consider g(z) = f(|z|) + | f(z)|.

f(x)| is non-diff. atx = 0,2,3
g(x) = £([x[) + |£(x)]

g(x) will be discontinuous atx = 0
g(x) will be non diffatx = 0,2,3
a=1,=3

a+pB=1+3=4



Question2

The number of points, at which the function
f(z) = max {6z,2 432} + |z — 1| cos [z* — }|, @ € (—m, ), is not differentiable, is
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Answer: 3
Solution:

For the part max {61‘, 2 + 3z }, the function can change its “active” expression only at those points where the two inside expressions become equal.

24322 =6x=322—-6x+2=0

3402

3

6+£VI2 _ 3+£V2
el = 2

X = 3

At these two values of z, the'max function switches between 6z and 2 + 3z2. Also, the derivatives of the two expressions are different there (since - (6z) = 6 and
4 (2+ 32?) = 62), so max {6z,2 + 3z} is notdifferentiable at both points.

Now look at the second part |z — 1| cos ‘xz — %‘ The factor cos ‘xQ — %‘ is continuous for all 2, and at z = 1 it becomes cos ‘1 — —H = cos (%) # 0.
Because cos 2 — %| is nonzero at ¢ = 1, multiplying it by |z — 1| does not remove the “corner” of |z — 1|. So |z — 1| cos ‘xz — %‘ is not differentiable at z = 1.

Total number of points where f(z) is nonDifferentiable is 3

Question 3

z—1 0
Let f(z) = {m i o2 jandg(e) = f(lel) +|£(z)

continuous and is not differentiable are a and [ respectively, then a + [ is equal to

. If the number of points where g is not
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Answer: 4

Solution:



Graph of f{x}

Ol 2N 3
Now graph of f{|x[)

f{|x[) is continuous function and it is non diff. atx = 0
Graph of [f{x){

First look at | f(z)|.
For z < 0, we have f(z) = 1, which is always positive, so |f(z)| = e%71. This part is continuous and differentiable for all 2 < 0.

For zge0, f(z) = 2% — 5z + 6 = (z — 2)(z — 3). This becomes 0 at = 2and = = 3, and it changes sign between 2 and 3. So when we take absolute value, | f(z)]
gets a “sharp corner” at x = 2 and x = 3, hence it is not differentiable at z = 2, 3.

Atz = 0, check continuity of | f(z)|: left value tends to |e ™% = e~L, but right value is | f(0)| = |6] = 6. Since these are not equal, | f(z)| is discontinuous at z = 0
(and therefore also not differentiable at z = 0).

Now consider g(z) = f(|z|)+ |f(z)|
Here f(|z|) always uses the zge0 definition because |z|ge0. So f(|z|) is continuous for all z, but it isnot differentiable at 2 = 0 because of |z|.

So, discontinuity in g can only come from |f(z)|, which happens at z = 0 only. Also, g will be non-differentiable where either term is non-differentiable, i.e., at
x=0,2,3.

[f(x)] is discontinuous at x = 0
[f(x)| is non-diff. atx = 0,2,3
g(x) = £(x]) + [£(x)]

g(x) will be discontinuous atx = 0
g(x) will be non diffatx = 0,2, 3
a=1,8=3

a+p=1+3=4

Question4

z2 48, z<0,
z?—4; >0,

(z—8)13 <0,

Let f(z) = { (z +4)1/2; z > 0.

and g(z) = {
Then the number of points, where the function g o f is discontinuous, is .
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Answer: 3

Solution:

We need to find the points where the composite function g o f is discontinuous.

That means we first find

(g0 f(z) = g(f(=)).



So we must see, for each value of z, which branch of g will be used.

1. Given functions

z2+8, <0,

f(m):{m2f4, z>0

and

(2) (x—8)Y3 "z <o,
=\ (@442, z>0.

Now,
(g0 f)(z) = g(f(z))-

The definition of g depends on whether its input is negative or non-negative. So we must check the sign of f(z).

2. Find where f(z) < 0 and where f(z) > 0

Casel: x <0
Then
f(z) =23 +8.

We check when this is negative:
B 48<0 = 2’ <8 = z< -2
So for z < 0:

o ifz < =2 then f(z) <0,

o if <2 <z < 0, then f(z) > 0.

Case2: x>0
Then
f(z) =22 — 4.

We check when this is negative:
$8 x2-4<0 \implies x"2<4 \implies -2
But here z > 0, so this becomes
0<x <2,
Thus for z > 0:

e if0 <z < 2,then f(z) <0,

o ifz > 2 then f(z) > 0.
3. Write (g o f)(x) piecewise
Now use the correct branch of g.

(i) When z < —2

Here f(z) < 0, so use

9 = (y - 8)"%.

Thus

(90 f)(@) = ((z? +8) - 8)'* = (%) =z
So forx < =2,

(gof)(a)==.

(ii) When -2 <z <0

Here f(x) > 0, so use

gw)=Vy+4

Thus

(go f)(z) = /(z®+8) + 4 = Va3 + 12.



So for —2 < & < 0,

(90 @) = Va® +12.
(iii) When 0 < z < 2
Here f(z) < 0, so use
9) = (y= )"

Thus

(g0 (@) = (2> —4) —8)"° = (2? < 12)'5.
Sofor0 <z <2,

(90 f(z) = («* = 12)'/°
(iv) When z > 2

Here f(z) > 0, souse

9(y) = Vy+4

Thus

(gof)(z)=+/(@2—4) +4=Vzl=2z
since z > 2.

Soforz > 2,

(go f)(z) ==

4. Check continuity at possible boundary points
Each expression is continuous in its own interval. So we only check the joining points:
z=-2, z=0, z=2.

Atz = -2

Left-hand limit:

forz < =2,(go f)(z) = =, so

limg-9-(go f)(z) = —2.

Right-hand limit:

for —2 <z <0, (go f)(z) = Va3 + 12,50
lim,,_»-(go f)(@)= /(-2 +12=V4=2.
Since

—2#2,

the function is discontinuous at z = —2.

Atz =0

Left-hand limit:

lim, o (g0 f)(z) = V0® + 12 = V12,

Right-hand limit:

limg- (g 0 f)(x) = (07 —12)/* = (~12)!/%,
These are not equal, so discontinuous at z = 0.

Atz =2

Left-hand limit:

lim,»-(go f)(z) = (22~ 12)1/3 = (=8)1/3 = 2.
Right-hand limit:

lim, ,»+(go f)(z) = 2.

These are not equal, so discontinuous at z = 2.

5. Conclusion



The function g o f is discontinuous at
r=-=2, =0, x=2.

Hence, the number of points of discontinuity is

[3]

Question5

Let f : R — (0, 00) be a twice differentiable function such that f(3) = 18, f'(3) = 0 and f"(3) = 4.

18
. f(2+il?) (z—1)2 . .
Then 31613% <loge (—f(3) ) ) is equal to :
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Options:
A.

9

B.

18

C.

1

D.
2

Answer: D

Solution:

Question6
Let [:] denote the greatest integer function, and let f(z) = min {\/ 2z, x* }

LetS = {z € (—2,2) : the function g(z) = || [2?] is discontinuous at z}.

Then > f(x)equals

e S
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Options:
A.

2-+/2

B.

26 —3v2
C.

1-v2

D.

V6 —2v2

Answer: C

Solution:

o() = la %]

Points of discontinuity of g(x) in (-2,2) are (1, £/2, £v/3)
8 ={-1,1,—V2,v2. —v/3,4/3}

* f(z) = min {\/%,wz}

Y @) =V2H1=2+42-V6+VE=1+V2

zeS

Question7

e(® 1219 cos _bx+(c—2)e~*

Zcos o=Tog (112) = 2, thena? + b? + c? is equal to :

If im
z—0
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Options:
A.
3

B.

D.
7

Answer: D



Solution:

= lim ; ]
z—0 (1_2 il T+ oo)

ct+l1=0=c=~1
a—c+1=0=a+1+1=0=a=-2
(a—1)? (c=2)

)

1

(z)
=9-202-3=2=202=4=b>=2
et b4t =4+2+1=7

Question8

az’+2azx+3 3
Let f() = { o3 287 2

1
; 27 % be continuous at z = —3.If fo f(z) = L, then z is equal to:
y L= —9579
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Options:
A.

14

Answer: C

Solution:

im aw2+2aw+37
oot dz2+4z —3 T

az? +2az+3=20 attn:iT3

9
¢%73a+3:0
3a

=a=41

422 + 8ax + 3
im —————
ot 4o +4z -3



: (2z+1)(2z + 3)
e (22 —1)(2z + 3)

21
B
o) = 3
f(f@) =
o o) rl 7
v 2fte) -1 5
= flz) =
2z +1
w1 °
=T =
Question9
alz|+z*—2(sin |z|)(cos |z|)
If f(x) = z &7 0
b =10

is continuous at « = 0, then a + b is equal to :
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Options:
A.
1

B.

D.
4

Answer: B
Solution:

Refunctioning the given function.

P
ar+x Zst:c T > 0

g — 2 i
f(m) - az+zx+sm2$ ,z <0

b , =10

RHL = lim (a+z—2sm2’”) —a—2
z—01 2z

LHL = lim (—a+x+25m2x> =—a+2
z=0" 2z

For continuity:
LHL=RHL=a—-2=-a+2=a=2

b=f(0)=RHL=2-2=0
a+b=2+0=2

Question10



e”(e™7%—1)+log,(sec z+tanz)—z
tanz—z

If the function f(x) =
to

is continuous at = 0, then the value of f(0) is equal
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Options:

A.

2
3

w

o=

a

[\S)

D.

3

2

Answer: D

Solution:

Given that f(z) is continuous at z = 0 means lin}) f(z) = £(0)
T

s €F(e™ 1) Hog(secxttanz) —z
f(O) - JIEIE}r(l) tan z—x

eo(etene—z_1)

tanz—x

log, (sec z+tanz)—x
tanz—x

£(0) = lim + lim

z—0

Using standard limit eff(;;l =1if f(z) =0

etanz—z_ 1

Let f(z) = tanz — z, then }g{l} ——1 =1

Second limit is % form use L'Hopital Rule

F(0) = 1 4 lim e oglecattana) —2)

z—0 7 (tanz—z)

KA I 2 _
oto Fians (sec Ttanx + sec z) 1

=1+1
o sec?z — 1

.. secztanz +sec’z —secz — tanz
=1+ lim

250 (secx +tanz) (sec2z — 1)

. tanz(secz — 1) +secz(secz — 1)
=1+ lim

@0 (secz + tanz) (sec2z — 1)

(secz —1)(secz + tanz)

=1+lim
2=0 (secz +tanz) (sec?z — 1)

=1 lim ———
+zlgtl) secx + 1

= f0)=1+3=1%

Questionl1

2a(m2—2)+2ﬂa: ,r <1

be differentiable at all
(@+3)z+(a—B) ,z>1

Let o, 8 € R be such that the function f(z) = {
z € R. Then 34(a + §) is equal to
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Options:
A.

48

B.

84

C.
36
D.
24

Answer: A

Solution:

Cf2a(x?—2)+ 2Bz, 2 <1
f()_{(a+3)x+(a7,3), z>1

Given f(z) is differentiable at all z € R.
This means f(x) is continuous and differentiable at z = 1.
1. Continuity at z = 1
LHL = RHL = f(1)
spdler=lim /(z)
lim [20 (2% — 2) + 2Bz] = lim [(a + 3)z + (o — B)]
z—1- z—1+

2a(1-2)+28(1)=a+3+a—p
—2a+28=2a—[F+3
38— 4a=3— (1)

2. Differentiability at x = 1

1oy J20(22) + 26, <1
f(w)i{a-‘r?), z>1
LHD = RH.D

£ =10
2a(2-1)+28=a+3
3a+28=3-(2)
Solving equation (1) and (2)
eqn (1) X 2= eqn(2) x 3

3
78a-9a:73:>a:1—

Substitute o = 1—37 in equation (1):

3
3ﬁ—4><ﬁ73
12 . 63
1372
=1

Value of 34(a + B) =34 (& + 25) =6+ 42 =48

Question12

Let [t] denote the greatest integer less than or equal to ¢. If the function

b?sin (5[5 (cosz + sinz) cosz]), z <0

f($) — sinx—%sin%v > 0

3

a ,x =0



is continuous at z = 0, then a? + b? is equal to :
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Options:

A.

o=

w

e [58

)

'U NP

.
ml‘o

Answer: C

Solution:

It is given that f(z) is continuous at z' = 0

Thismean atz = 0

LHL=RHL=f0)=a

Calculating L.H.L using the definition of f(z) for z <0

zliﬁrglﬁ f(z) = :lclil’(l) b?sin (2 [Z(cosz + sinz) cosz]) = a

#glpig[l)bzsin (3% (cos?z + 22|} =a

cos (0 ) Les than 1
sin2 (0~ Less than 0

) =
)

=a = b%sin (F[1.57(17)))
(

IS

=a=0bsin (£[1.577]),[1.57"] = 1{[t] > G.LF }
=a="bsin(F x 1) =b?
Calculating R.H.L using the function definition for z > 0

sinz - +sin 2z

lim f m 22T g
z—0" ( )= :c~>OJr o
. 1 .
. sinz—3 x2sinz cos
= lim —2—F—— =a

3
250+ T

sin z(1—cos x)

= lim ———F =a
z—0" T
Using limits result lim, o *3% = 1 and lim, o Locose — %
Putting these result
Using limits result lims_,0 222 = 1 and lim,_,o =52 = 1
T T 2

Putting these result

S]

:1.%:

o=

Soa?+ b? = a® + a{b® =afrom L. H. L}

NI
(1
o

+




Question13

Lety = y(a:) be a differentiable function in the interval (0, co) such that y(1) = 2, and
lim ( wx - vt) ) = 3 for each = > 0. Then 2y(2) is equal to :

t—x
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Options:

A.

27

B.

18

C.

23

D.

12

Answer:C
Solution:

Lye)—a®y(t) _ g

lim =

t—x
Substituting
t—>z+h=h—>0

. 2(z)—a?
lim T+ yzhzy$+h —3

h—0 o

Mo (i SEth)—f(z)
f'(z) = }113[1) D

2*y(z)+hy(z)+2zhy(x) 2 y(z+h) -3

= lim
h—0

- lm —a?[y(2+h)—y(z)]+y(z) (h*+2xh) —3
h—0 h

— lim D) =y@)] _ ji y@E2)R 3
h=0 h h—0 h
Use

fl(il?) — lim f z+hh7f z

h—0
2y (z) — 2ay(z) =3
Equation (1) is differential equation can be written by replacing

Y(@) =% and ylx)=y

:>:vzdy 2zy =3

= 3—: 7’ %y (Lmear differential equation)

Integrating factor
1
IL.F = eff%dz — g2z _ eln(x_z) — %

.. Solution of linear differential equation

y-(LF) = [(LF) - 2dz




=>y= 7% 4+ Cz? (General solution)
Apply initial condition

y(1) =2
=2=-14C(1)=>C=3

So particular solution is : y(z) = 7% 4+ 3g2

Question14

The value of

log, (sec(ex)-sec(e2z)-. . -sec(e''z))

e2_g2cosz

lim
z—0

is equal to
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Options:
A.

()
2e2(e2-1)

B.

(1)
2e2(e2—1)

C.

(e10-1)
2(e2—1)

Solution:

Lo 2y D)
T

Simplify : we use In(abc. ..) = In(a) +In(b) + In(c) . . . and take e common in denominator

. Insec(ex)+Insec(e?z)+- - -+Insec(el’z)
L = lim l—eteosa—2] | & e (1)

z—0

Now understanding dominating term
e fA—51=mMhA~A-1
e asz — 0 = sec(ex) — 1 = Insec(ex) =~ sec(ex) — 1
e sogeneralized z — 0 = Insec (ekz) ~ sec (ekac) -1
e IfA-0=el-1mrA
¢ so in denominator as ¢ — 0 = 2(cosz —1) =0
o 50, X7 1~ 9(cosz — 1)

Substituting this dominating term in equation (1)



(sec(ex) — 1) + (sec (e?x) —1) ++-- + (sec (e''z) — 1)

L=1
250 —e2-2(cosz—1)
1 __q) 4 1 1) ket 1 _1 1—cos(ex) 1—cos(e?z) 1—cos(e!’z)
i cos(ex) cos(e2x) cos(el0z) I cos(ex) + “cos(eZz) toort “cos(ePz)
= lim = Imm
20 2e?(1—cosz) @0 2e?(1— cosz)
1— 1 — cos (ez 1 — cos (ez
=lim cos(ez) + lim (%) e () (2)
20 cos(ex) - 2e2(1 — cosz)  z-0 cos (e2z) - 2e2(1 — cos ) cos (e''z) - 2e2(1 — cos z)
Again using dominating term
atz — 0,cos (efz) = 1,k = {1,2,...,10}
1 — cos(ex) 1— cos (e’z) 1 — cos (e'0z)
L = lim i ey AR T
@=0 2e%(1 — cosz) @0 2e%(1 — cosz) 2e2(1 = cos x)

Understanding dominating term again

K2
IfA—=0=1—-cosA~ ATZ So 1 — cos (e*z) ~ @,ke {1,2,...,10}
Substitute this value in equation (2) :

o2)? o10,)?
N

7
2,22
2e%- %

2
(e;;) lim
20

lim
L= 220

7 7
2.2 2,22
2e2- 5 2e%- %

z%and % get cancelled so L becomes :

()
2e?

522
L:%Jr (26)2 404
take;?commonL:2—(132[e2+e4+e6+-~-+e20}

2

r"—1 ? . .
(T_l ) where a is first term and 7 is common ratio.

e+ et +.. -+ e¥is a G.P. whose first term is 2 common ratio is €2 so sum of G.P. is @

< €2 {(62)1n*1}L _ M

L= e—1 2(eT-1)

1
2e?

Questionl5

Let f(z) = lim [ <™2

< , ¢ € R.Consider the following two statements :
6—0 1+a:(?) z—1)

(D f(x) is discontinuous at x = 1.
(II) f(z) is continuous at z = —1.

Then,

JEE Main 2026 (Online) 28th January Evening Shift

Options:

A.

Neither (T) nor (1) is True
B.

Only (1) is True

C.

Only (I)is True

D.

Both (I) and (II) are True

Answer: A



Solution:

The function is defined as :

f(z) =lim (M)

050 142(%) (@-1)

Letn = %. As 0 — 0,n — oo (specifically, let's consider 8 approaching 0 such that the power grows). The behavior of the function depends on the value of
because of the term x™.

e Casel :|z|<1Asn — oo,z" — 0.
flz) = —COS”%’O = cos Tz

1+

e Case2:|z|>1Asn — oo, 2" — co. We divide the numerator and denominator by =™

T 55t —sin(e—1) _ 0-sin(z—1) _ ‘—sin(z—1)
f@) = lm S ey S Tee D e T

e Case3:z=1Ifz =1, then cos(w) = —1 and sin(0) = 0.

_—iro)
) = g = -1

e Cased:z = —11Ifz = —1, then cos(—m) = —l-and sin(—2) = —sin(2). Since n = 2/@is even, (—1)" = 1.

A = ) — s 1 iy

So f(x) become

=) g € (—o0, —1) U (1,00)
F(z) = { cosTz ife € (—1,1)

0 ifr=1
1—sin2 ifz=-1

Analyze the Statements
Statement (I) : f(z) is discontinuous at z = 1.
e Valueatz =1: f(1)=—1.
o Left-hand limit (z — 17) : Uses the |z| < 1 definition: lim,_,1- cosmz = cosm = —1.

o Right-hand limit (z — 17) : Uses the |z| > 1 definition: lir{1+ % Using the standard limit lin(l) SBY — 1, this equals -1. Since LHL = RHL = f(1),
z— u—

the function is continuous at z =1.
Conclusion : Statement (1) is False.
Statement (II) : f(z) is continuous at x = —1.
e Valueatz = =1: f(—1) =1 —sin2.

e Left-hand limit (zx — —17): Uses |z| > 1 definition : % = L(gz) = a2,

e Right-hand limit (z — —1%): Uses |z| < 1 definition : cos(—m) = —1.
Since the limits do not match, the function is discontinuous at z = —1.

Conclusion : Statement (IT) is False.

Question16

. sin (2% —5z%+az+b
If lim ( )

= m, th b i Ito:
Ny ( wflfl)loge(:vfl) m, then a + b+ m 1s equal to
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Options:

A.



D.
10

Answer: B

Solution:

.".Denominator = 0 at z =2
= Numerator =0 at z = 2
23 -5(2)2+a(2)+b=0
=2 +b=12 ...(1)

sin (.1'3 — 522+ ax + b)

. T 28 — 522+ azx+b
X3 i ( z—1-1 ) log, (1 (@ —2))
Vz—1+1 z—2

4(13—512+az+b)

(2-2)

= m = lim 2 (1375w2+az+b)
z—2 (2=2)°

— 1 3z2—10z+a
= m = lim2 (3o )

.. Denominator = 0 at = 2

= Numerator = 0 at z = 2
=3(2)2-10(2) +a=0-—+a=38
puta = 8in (1), we getb = —4
1)

',m:lim2( —m=2
z—2

La+b+m=6

Question17

The product of all possible values of o, for which

. 1—cos(ax) cos((a+1)z) cos((a+2)z) \ .
alclg(l) ( sin((a-+1)z) ) =2,is:
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Options:
A.

-2

o

Answer: C



Solution:

1—cos az-cos((a+1)z) cos((a+2))
(a+1)2z2

lim
=0

By using L.H. Rule we get

1
:>5(a+1)2 [0+ (a+1)*+ (a+2)%] =2
24 (a+1)2+(a+2)? =4(a+1)?
a4 (a+2)2=3(a+1)2
=a’+2a-1=0
Product = —1

Question18

Let f(z) and g(x) be twice differentiable functions satisfying f"(z) = ¢”(x) for all
z € R,f'(1) =2¢'(1) = 4and g(2) =3f(2) = 9. Then f(25) — g(25) is equal to :
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Options:
A.
20
B.

40

Answer: B
Solution:

Let us define a new function h(z) taking the difference between f(z) and g(x).

Differentiating this function twice with respect to , we get:
h'(z) = f"(z) — g"()
We are given that f”(z) = ¢”(z) for all z € R. Therefore, their difference is zero:
h'"(z) =0
Now, letus integrate both sides with respect to z to find h'(z):
= dem =c
where c; is a constant of integration.
We are given the values of the first derivatives at z = 1. Let us simplify them:
fr)=4
2/(1) =4 — g'(1) =2
Using these values, we can find the exact value of h'(1):
W(1) = F(1)—g(1) =4—2—2
Since h'(z) = ¢; for all values of z, it follows that:

c1=2



Substituting this back, we get our first derivative equation:

h(z)=2

Next, we need the original function h(z). We find it by integrating h'(z) with respect to :
h(z) = [2dz =2z + cy

where ¢, is another constant of integration.

We are given the values of the functions at = 2. Let us simplify these values as well:
9(2) =9

3f(2) =9 = f(2)=3

Using these values, we can find the value of h(2):

Now, substitute z = 2 and h(2) = —6 into our integrated equation for h(z):

h(2) = 2(2) +c2

—6=4+c¢
0227674
cy=-—10

Substituting the value of ¢z back into the equation for h(x), we have the completed function rule:

h(z) =2z — 10

The question asks for the value of f(25) — g(25), which is represented directly by h(25). Let us substitute = 25 into our function h(z):
h(25) = 2(25) — 10

h(25) =50 — 10

h(25) = 40

Therefore, f(25) — g(25) = 40.

The correct answer is Option B.

Question19

Let f(z) = lim =) 120 ppep the number of solutions of the equation f(z) =sinz, z € R s :
y—0 Yy
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Options:
A.

0

D.
1

Answer: C

Solution:



1—cos(zy) tanzy (zy)?

g ?1/5% (zy)? zy oy
$3
f(z) = -

3 points of intersection

Question20

. 2 gin2 y
The value of lm& (%) 1S
T—r

z2—sin’z
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Options:
A.
2

B.

D.
6

Answer: B

Solution:

2 qin2
s - sm- T
lim 2255
70 ®2—sin’z

Applying expansion

. z?sin?z
lim
z—0 95 23 2
DR — (x -5 +.. )
2 qin2 (]
lim 4 sin’ x4 _ 3_ Z3
=0 22 _ 2 4 % 2
Question21

For the function f(z) = ™7l — |z|, 2 € R, consider the following statements :
Statement I : f is differentiable for all z € R.
Statement II': f is increasing in (—m, — 7).

2

In the light of the above statements, choose the correct answer from the options given below :
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Options:



A.

Both Statement I and Statement II are true

B.

Both Statement I and Statement II are false
C.

Statement I is true but Statement II is false
D.

Statement I is false but Statement I is true

Answer: D

Solution:

Here f(z) = e*»2l — |z|. Since |z| isnot differentiable at 2 = 0, and also sin |z| has a “kink” at .= 0, the function f is not differentiable at = 0. So, Statement I
is false.

Now take z € (—m, —F). Here 2 < 0, so |z| = —z and hence sin |z| = sin(—z) = — sin z. Therefore, on this interval we can write f(z) = e 5%+ z and
differentiate to check whether f is increasing.

flz) =e % 4

fl(z) = —e "% cosz + 1

T
—) cosz <0

.. f(z) is increasing

Since cosz < 0 on (—m, — %) and e 5% > 0, we get —e~ " cos z > 0,50 f'(z) > 0 on this interval. Hence, Statement Il is true.

Question22

Let the function,

—-3ax2 -2, z<1
f=) = {a2 + bz, x>1

be differentiable for all z € R, where a > 1, b € R. If the area of the region enclosed by y = f(z) and
the line y = —201is a + V'3, a, B € Z, then the value of o + S is .
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Answer: 34

Solution:

f(x) is continuous and differentiable

atz =1; LHL = RHL,LHD = RHD
—3a—2=a®+b,—6a="b
a=2,1b=-12

—6z2 -2, z<1
4—-12z, z>1

&)= {



F 3

u

kA J

(-V3.-20) (2,-20)

2

1
Area = / (76932 -2+ 20)dz + /
-V3

(4— 122+ 20)dm}
1

=16 +12v3 + 6= 22 +12v/3

a+ =34

Question23

3z, x <0
Letf(z) = ¢ min{l + z + [z],z + 2[z]}, 0<z <2
L5, T > 2

y=—20

where [.] denotes greatest integer function. If o and (3 are the number of points, where f is not
continuous and is not differentiable, respectively, then o + 3 equals
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Answer: 5
Solution:
( 3z ; z<0
min{l+z,2}  ; 0<z<1
@) =4 ., ,
min{2+z,2+2} ; 1<z<2
L 5 ; z>2
( 3x 5 <0
X ; 0<a<l
f(””):<x+2 D 1<z<?
L 5 ;x> 2

p

1+ /;}v:

3
! |
0 |
y<3n 12 3

Not continuous at x € {1,2} = a =2
Not diff. atx € {0,1,2} = 3=3

a+p=5




Question24

s 2. [ tan(z/271) +tan® (z/2"7) . et_efl@)
Let f(z) = lim ) ( e’ @/am) ) Then ili% Gof@y 18 equal to .
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Answer: 1

Solution:

- z x
flz) = JL%; (tan o tan W) =tanz

T tanz r—tanzx
. e’ —e . (e —1)
lim (—) = lim etanw Y ST

20\ z — tanz 250 (z — tanz)
e
Question25

Let [t] be the greatest integer less than or equal to t. Then the least value of p € N for which

lim (m([ﬂ + [l] +...+ [%D — z2 ([%} + [ﬁ] + A [z—z]) > 11is equal to

z—0+ d

JEE Main 2025 (Online) 29th January Morning Shift

Answer: 24

Solution:

To find the least natural number p for which the following inequality holds:
lim (2([4]+ 2]+ + [2]) a2 ([F] + [5] +...+ [#])) =1

z—0"
we simplify the expression inside the limit.

8|

Asz — 0%, [%] approximates to Z-. Thus, the problem becomes finding:
(IT+2+...+p = (1P +22+...+9%) >1

The sum of the first p natural numbers is given by:

p(p+1)
3

And the sum of the squares of the first 9 natural numbers is:

12422 4 . oo4gr = 2319

Thus, the inequality becomes:

p(p+1) 9-10-19
o T 21

Solving this, we rewrite:
p(p+1) > 572

The least natural number p satisfying this condition is 24.

Question26



1
If lim (£222):7 — p, then 961og, p is equal to

z—0
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Answer:.32
Solution:

To solve the given limit problem, we start by analyzing the expression:

8-
il

: t:
lim (f22)

=D

This limit exhibits the indeterminate form 1°°. To handle this form, we use the transformation:

limg o (222 71)1—‘2

p=e

Expanding tan z using its Taylor series near « = 0, we have:
. ’ 2 .5

tanz =2z + 5 + gz’ +...

Substituting this expansion into the limit, we get:

3

2z 2.5 . ¥ 23 2 5

tanz—z (z+ E R X A a:) L,
= 3 = 3

5
3 P 3

This simplifies to:

z3

=z 1
3z T 3

Thus, the limit becomes:

ol

p=e
Therefore, the expression for log, p is:
log.p = 3

Finally, computing 96 log, p:

96log, p =96 - 1+ = 32

Question27

Let m and n be the number of points at which the function f(z) = max {z,z* 2% ... 2"}, z € R, is not
differentiable and not continuous, respectively. Then m + n is equal to .
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Answer:3
Solution:

forz > Lz2 >z > . . >z

(z < -1
z2 —1<z<0
f(z)_<m 0<z<l1

(2 z>1



=1.0)

(1 ‘:0)

Clearly, f(=) is continuous everywhere.

=a=0
(1 e < —1
by ) 212 -1<3<0
f(a:)—{ 1 ;0<e<l
21-2% ;z>1
=p£=3
S>a+p=3

Question28

The number of points of discontinuity of the function f(x) = {“’72] — [v/z], z € [0,4], where [-] denotes

the greatest integer function, is .
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Answer: 8

Solution:

To determine the points of discontinuity of the function f(z) = [%2] — [v/@], where [-] denotes the greatest integer function, we need to identify possible values of z

where discontinuities might occur within the interval [0, 4].
Discontinuity Analysis
For the term [’72] :

The probable values of x that could cause discontinuities are the roots or specific values where the integer part changes between consecutive integers. The transitions
happen when:

=1,2,3,4,5,6,7,8
= z=12,2,V6,2v2,v/10,2v3,V14, 4

For the term [/z]:

The values of  where [/Z] changes are straightforward. They occur at:

z=1,2

Discontinuity Check

By evaluating f(z) atall these potential points, we find the function is indeed discontinuous at:
z =1,v2,2,v6,2v2,/10,2v3,v/14

Thus, the function f(x) has 8 discontinuities on the interval [0, 4].

Question29



For t > —1,let o; and S; be the roots of the equation

(t+2)Y" = 1)2? + (t+2)Y — )z + (t+2)Y/* —1) =0.If lim oy =aand lim B¢ =b,
t——17F t——17"

then 72(a + b)? is equal to
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Answer: 98
Solution:
t+2)7 —1
a+b=lim (a+p) = lim s ):
t——17 t—=17F (t + 2)7 —1
lett+2=1y
1/6
Loyt -1 7
- lim &—-_ %
atb=lm 17%

49
72(a +b)? = 72— =98
(a+b) 36

Question30

tan(tan z)—sin(sinz)

If the function f(x) = is continuous at z = 0, then f(0) is equal to

tanx—sinx
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Answer: 2
.
Solution:
tan(tan z)—t: 3, i sinz—sin(sinz) gip3
s kil e s
I—)O tan:—;mx
1 1 1
1411
— 3 i 6 :2
2
Question31

If 3 T, = - lCntl@ni8)@nid) [pen Jim (L> is equal to :

T,
r=1 n—oo r=1
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Options:
A2

B.

|

C.1

D.0

Answer: A



Solution:
Tn = Sn % Snfl
1
=T, = g(Zn —1)(2n +1)(2n + 3)

1 8
T T a-1)(EatD(eat3)

n 1 n 1
li .~ lms8
Yoo ; T now r; (2n—1)(2n+1)(2n + 3)

\ 1 1
Slm 2> ((2117 DEn+1) (2n+1)(2n+3))

lim 2 ! + L L +
= lim A\ — e
n—00 1.3 35 3.5 5.7

Question32

If lim ((%5) (1 — t%))" = @, then the value of %% equals :

00 1-e e 1+z 1+log, o
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Options:

A.e?

B. e?

C.e

D.e?

Answer: C

Solution:

a:xlggo[(lie) (%‘ 1-&”

Begin by rewriting the expression inside the limit. Notice that

r 1
1+:L'_1_1+z’
SO
1 _ =z 1 _ 1 — 1 «e 1
e 1tz e ( 1+z) e I+ JE

to obtain

1z el 1
e 1+ e +1+z'

Multiplying by the prefactor, we have
(1fe) (% - 111‘) N 156 [_621 + H;CL‘}

Split the expression:

-1 1
1ie ! (_eT) + 16%6 "It T T-e + (17e)e(1+z) R




1—e=—(e—1),

it follows that

Hence, the expression simplifies to

1+

Again, replacing 1 — e by —(e — 1),

1+ 7(6713(14»1) =1- (e—l)e(H»ac)'

Thus, the limit becomes

T
a = hmzﬂm (1 N m) N
For large x, note that
l1+z~uz,

S0 we approximate

T
o = KmS), (1 - W) )
Recall the limit
a

lim, o (1 - 2)" =e7°,

with

Therefore,

a=e 7T,

Taking the natural logarithm,

e
e—1"

Ina=-—

Now, compute

Ina  __ _ei_l
l+lna l—eil .

Express the denominator with a common denominator:

The final result is

Ina

Tthna e.

Question33
If the function

%{sin (kr+ 1Dz +sin(ky — 1)z}, <0
fla)=q% ==

is continuous at z =0, then k? + k2 is equal to :
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Options:



A.S
B. 10
C:20
D.8

Answer: B

Solution:

o2 .
zll,%l— ;{sm (k1 + 1)x +sin (kg —1)x} =4
=2k +1)+2(k,—1)=4

=k +ky=2

. 2 2+ kix
= lim —In({————) =4
x—0+ X 2+ kox

(k1 — ko)x /-
2 +k2X B

1
= lim —ln(l-‘r

x—0+t X

k1 —ko

2

$k1—k2:4
sky =3ky =1
K+ki=9+1=10

=2

Question34

i (222 32+5)(32—1)%
z—o00 (3z2+5z+4)+/(3z+2)°

is equal to :
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Options:
2
A Z

B 2

S

C.

)
[T

D.

V3e

Answer: B

Solution:

Question35

Let f : R — {0} — R be a function such that f(z) — 6f (+) =

liII(l) (% + f(z)) = B; o, B € R, then a + 24 is equal to
z—

35

3x

5
2

. If the
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Options:
A.6
B.5
C.3
D.4

Answer: D

Solution:

F@)=6f(1/z) = 3 — 5 (D)

1
Replace ¢ — —
z

F(Q/z) —6(z) = 5 3 ?)
Using (1) & (2)
1 1
f(x):~2z~3—x+ 5
1
ptin( 5+ )

—u LI 1°1
—I%(a—””—gﬁ)
a=3, B=1/2
So,a+2B=3+1=14

Question36

lim cosec x (\/2 cos?x + 3cosx —/cos?x + sinzx + 4) is:

z—0
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Options:

A.

= S’;—A
ot

B

S

)
C.0

_ 1
D. 2v/5

Answer:D

Solution:

lim cosec (\/2cos2x+300sw ~Vecos?z +sinx+4)

z—0



\ cosec (c:os2 z +3cosz — sinz — 4)
lim
@=0 (\/2cos2 x + 3cosx + v/cos2z + sinz + 4)

1 (cos2m+3coszf4)fsinm

lim —
#=0 sinx (x/2cosZz+3cosw+ \/0052$+sincc+4)

(cos®+4)(cosz — 1) —sinz

lim
=0 sing (\/2cos2w+3cosa: + \/c052w+sinax+4)

.2 sz T
=2sin® §(cosx +4) — 25sin $cos §

lim
z—0

2sin%cos%(\/2cos2a}+3cosw+\/c052z+sinz+4)

— (sin® % (cosa + 4) + cos &)

lim
N0 cos%(\/2c052m+3cosw+ Vcos?z + sinz +4)
1

25

Question37

Let [z] denote the greatest integer function, and let m and n respectively be the numbers of the points,
where the function f(z) = [z] + |z — 2|, —2 <z < 3, is not continuous and not differentiable. Then
m + n is equal to :
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Options:
A.6
B.9
C.8
D.7

Answer: C
Solution:

flz)=[z] |z -2 —-2<z<3

—z, -2<z< -1

[7w+1, —-1<z<0
flg)={—-=z+2, 0<z<l1
—x+ 3, 1<z<?2

z, 2<zr<3

So f(z) is not continuous at 4 points and not differentiable at 4 point

Som+n=4+4=38

Question38

k241145
The value of lim ( Y FHOA LIRS ) g
n—00 \7,—1 (k+3)!
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Options:



4/3

D.
/3

Answer: A

Solution:

k3 4+ 6k% + 11K+ 5
,}LH;Z—W,
3 2411 —1
:limzk + 6k%*+ 11k +6
n—o0 (k+3)!

(k) (k+2)(k+3) 1
=lm > (k7 3)!

o= (kD) (R4 2)(k+3) 1
*Jgﬁaz (k+3)! ICEE)]

JE&Z( i k+13))

Question39

Let the function f(z) = (z® — 1) |2® — az + 2| + cos |z| be not differentiable at the two points
z = a = 2 and z = (. Then the distance of the point («, 5) from the line 12z + 5y + 10 = 0 is equal to :
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Options:

A.

3

Answer: D

Solution:

cos |x| is always differentiable
2. we have to check only for [x? — ax + 2|
.. Not differentiable at

22 —ax+2=0



One root is given, o = 2

4-2a+2=0
a=3

- otherroot =1
but for z = 1f(z) is differentiable

(Drop)

Question40

z? sin aac—}—(’y—l)e“2
sin 2z — Bz

Fora,ﬁ,yER,iflin(l] = 3, then 8+~ — ais equal to :
T—
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Options:
A —1
B.4
C.6
D.7

Answer: D
Solution:

Atz —0
sin2z — Bz — 0
0
= o form
(y—1)e’ + 0sin(az) — 0
(v=1)=0
y=1
z? sin(azx)

lm —— o —
a0 (sin2z — Bz) 3

R

P 3 5

. 2 (a;) (ﬂ;)

= lmg 0 55—
z—0 [(2 ) (2;)3 (2;5}

3,5 5,7
3_a’z® | o’z
L e T

z(2—B)— S+
:>2—,B:Oand%:3
T

=pF=2

a=3 <7%) =4
=>y=1,=2,a=—4
=>0t+y—a="7
Question41
If 1iII(1) cos(zm)ﬂ;fos(h)*b is finite, then (a + b)1is equal to :

T—
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Options:

A0



o
NS

C.-1

D:

o~

Answer: D

Solution:

To find the value of a + b for which the following limit is finite:

. cos(2x)+acos(4z)—b
lim —

z—0
we start by expanding the cosine functions using their Taylor series:

2 4
cos(2z):1—£2—;L+i%L—...

cos(4dz) =1~ (4;!)2 + (45!)4 —n.

Substitute these expansions into the limit expression:

12 14 2 (4a)d
(1;%#2:’ ﬁu)m(lf—“;) A —“->fb

7

lim
=0

To ensure that the limit s finite, the linear and quadratic terms must sum to zero. Let's equate the constant terms first:
For the limit to be finite:

1+a—-b=0

Equating the coefficients of z2:

—2-8a=0

Solving the second equation, we have:

8a = —2a = _Tl

Substitute a back into the first equation to find b:

1+F -b=0=1-

_3
4 b74

1
1
Thus, the sum of @ and b is:

a+b:%+%:%

Therefore, the correct value of @ + b is %

Question42

((1+azx)'® ,2<0
Let f(z)= { 1+ b1,/2 Z = 0_pe continuous at z = 0. Then e®bc is equal to:
(z+4)1/2-2
\ o2 z>0
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Options:
A. 64
B. 48
C. 36
D. 72

Answer: B

Solution:



(1 4az)r |x<0
f(z) = 1+b , =10

(z+4)'/2—2

km ,1t>0

Hence, f(0) =1+6

4)1% 2
RHL — lim *+%)

- For9 form, c = 8
z—0+ (z+c)1/3~2 0

2(1+ %) 22

paz—1

LHL = lim(1 + az)"/® = lime ™" =e* =3
z—0 z—0

e’ -bc=3-2.8=48

Question43

If lir? (z=1)(6+A CO(S(f_l)lg))Jr“Sin(l_m) = —1, where A\, u € R, then X\ + p is equal to
z—1+ z
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Options:
A. 20
B. 19
C. 18
D. 17

Answer: C

Solution:

i (z —1)(6 + Acos(z — 1)) + psin(l — z)
im
z—1+ (:ﬂ — 1)3
Letza =1=t

. 6t+ Atcost — psint
lim =
t=0+ t3

=-1

-1

6t+/\t(1_%+%+...)_ﬂ(t_g_s!_i_...)

= lim =-1
t—0+ 3
t6+X—p) 3 (=3 + &)+
— lim ( 1) (-2+%) -1
t—01 3

Solving (i) and (i)
A=6,p=12
A+pu=18

Question44

Let f : R — R be a continuous function satisfying f(0) =1 and f(2z) — f(z) = z for all z € R, If
10
lim {f(z) — f(55)} = G(), then 7; G (r?) is equal to
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Options:
A. 215
B.420
C. 385
D. 540

Answer: C

Solution:

f(0) =1, f(22) — f(z) =z

Replace z — %

71(3)- 3

Again, Replace z — &

F8) -1 (%) =,

Ham) 1 (5) =5
Adding (1) +(2) + (8)+ ...+ (n)

Wegetf(x)—f(;—n) %-ﬁ-;—z—}—....-i-;n
)=Jim (5t 5)

Jim (f@)- £ (55)

=G(z)==2

=G (7“2) =72

= Z;G(rz) = ;G(rz)
B (10)(161)(21) .
= 385
Question45

Let f be a differentiable function on R such that f(2) = 1, f/(2) = 4. Let lin(1)(f(2 +2))%* = e Then
z—

the number of times the curve y = 42° — 422 — 4(a — 7)z — & meets z-axis is :
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Options:
A3
Bl
C.2

D.0



Answer: C

Solution:

Hm(£(2 + 2))/* = (1% form)

o (f@+2) 1) _ glimy. 3f/(2+2)

— 3@
—el2
= a=12

y =4z — 42® — 4(12 < T)z — 12
y =4z® — 42% — 200 — 12
y:4(w3—m2—5w—3)

=4z + 1)@ ~3)

It meets the z-axis at two points

Question46

1
) tan(5(z)3 ) log, (1+3z> .
lim < ) ( 1 ) is equal to
2207 (tan‘13\/5)2<65(”)3—1)

JEE Main 2025 (Online) 7th April Morning Shift
Options:

A2

B.1

C.

ol

1
D. 4

Answer: C

Solution:

tan (5(1)%) In(1+32%)

(tan"(3v/7)) <55¢%71)

lim, .o+

lim —
z—0* (m#(w;))z (e“sfl)

1
tan<5(:c) 3) 5 .
—= In@+327) 13‘21 x15z3
5(2)3 .

+ ( 5(2) % )
z—0 (Lm2(3ﬁ))2 S@3 ) " %
X T

V3

1
53

Question47

Given below are two statements:

. tan~! z+log, \/E—Zm
Statement I: lim - =
z—0 Y

SN



Statement II: lim (a}l—fz) AN~

2
z—1 €

In the light of the above statements, choose the correct answer from the options given below:

JEE Main 2025 (Online) 8th April Evening Shift

Options:

A.

Statement I is false but Statement II is true
B.

Both Statement I and Statement Il are false

C.

Both Statement I and Statement IT are true

D.

Statement I is true but Statement II is false

Answer:.C
Solution:

tan"'z + §[In(1 +2) ~In(l — 2)] - 2z

lim

z—0 5
(mf%’+%ﬁ...)+%[mf%+% f(fx—g—z—%s...)]fh
= lim
z—0 0
— lim 2$+2Tzu....—2z :E
) z° 5

-2\,
limzT2 =e
z—1

= Both statements correct

lim, 1 (725) (@—1) _ e 2

Question48

Consider the function. f(x) =

a(7x—12 —xz)

blx®—Tx+12]

sin (x—3)
2 x~[]

b

,x<3

,x>3

,Xx=3

Where [x] denotes the greatest integer less than or equal to x . If S denotes the set of all ordered
pairs (a,b) such that f(x) is continuous at x = 3 , then the number of elements in S is :

[27-Jan-2024 Shift 1]

Options:
A.

2



B.

Infinitely many

C.
4
D.
1
Answer: D
Solution:
737 = 2 TXT1275) (gor £(x) to be cont.)
b —7x+12|

o AETHE—) -2
R SR Ny Sl
Hence (37 ) = %a

lim [ :in(f;S)\ll

Thenf3H=2=""" "=2andf(3)=b

Hence f(3)=f(3)=/3)

—y=_2
=b=2 b

b=2;a=—4

Hence only 1 ordered pair (—4. 2) .

Question49

Consider the function f: (0, 2) — R defined by f(x) = g+ 2 and the function g(x) defined by
X

min{f(#)} O0<t<x and 0<x<1
g(x) = 3 .. Then

§+X 1<x<2

[27-Jan-2024 Shift 2]

Options:

A.

g is continuous but not differentiable at x =1
B.

g is not continuous for all x€ (0, 2)



C.

g is neither continuous nor differentiable at x = 1

D.

g is continuous and differentiable for all x € (0, 2)

Answer: A

Solution:

£:(0.2) = R: f(x)= §

4

ol ks

flx)=

] —

"l
| T

~1(x) is decreasing in domain.

fi

X)

Y

+

g(x)=

X
9
3
?

2(x) 4

3 |n

Question50

: it}
Letf(x) = \/lim { 2/t )f_é(x}f )] 3, - } be differentiable in (—e0, 0) U (0, «0) @and f(1) = 1. Then the value of ea,

r—x r—Xx

such that f(a) = 0,is equal to [29-Jan-2024 Shift 2]

Answer: 2

Solution:



S =1f(@=0

fz(x)= Lim ( w_?ﬁe

2 2
r—Xx ¥ —X

=Lim (
r—x ¥ F-X
2 f
fer= 2O~

y_dyo iy
x_ dx y
dv
Puty=w= &=+
y=wx vixe
v:v+xﬁ—ft
x
dv Y ¥

Integrating both side
e\-(x"'c)— 1+v=0
fil)y=1=x=1,y=1

=2c=—-1—-=

+x

)
r

Question51

If the function f(x) =

[30-Jan-2024 Shift 1]

Answer: 15

Solution:

1

v k22

ax’ +2b Ja<2

is differentiable on R, then 48(a+b) is equalto -



1

Zix>2

X
fx) ax"+2b —2<x<2

= l; x<—2

X

Continuous atx=2 = L= 2+2p
2 4

Continuous atx=-2 = %= %+2b
Since, it is differentiable atx =2

1 _
—2—2ax
X

. . _ e i N
Differentiable at x =2 = : da=a 16’b 3

Question52
Let f:&—1{0} — E be afunction satisfying £ * ) = % forall+. y, £(y) # 0. If £(1) = 2024, then
\y) S

[30-Jan-2024 Shift 2]
Options:

A.

xf(x) — 2024£(x) = 0

B.

XP(x) + 2024f (x) = 0

C.

xf(x) + f(x) = 2024

D.

xF(x) —2023f(x) = 0

Answer: A

Solution:

) _ /@
377

f(1)=2024
f1)y=1
Partially differentiating w. r. t. x
oy o1 14/
=== —f(x
f( y) y f(}’)f()
}"H X

fr(l)- 1./

x o f)
2024f (x) = xf (x) =>xf ()~ 2024 (x) = 0




QuestionS3

i
X +3x+a, x=1

f(x)= {
Let a and b be real constants such that the function f defined by bxt2.  x>1. pe differentiable

[ f)
on R. Then, the value of 2 dx equals

[30-Jan-2024 Shift 2]
Options:

A.

15/6

19/6
C.
21
D.
17

Answer:' D

Solution:

fis continuous
~ d+a =b+2
a=b—-2
f(x)=2x+3 .ox=<1
b. x>1
fis differentiable
~ b=5

~ a=23

1 2
J (& +3x+3)dx +[ (5x+2) dx
=2 1

3 2 1 2 2
X 3x ] [5X ]
=] =+ + +| =+

[ 3 2 R -2 2 = 1

= ( %+ %+3)—( %8+6—6) +(10+4— %—2)

Zey 3 _ 5L
=6+ SF12- 2=17

Question54

—|log x|
Consider the function f: (0, ©) — R defined by f(x) =¢ - If m and n be respectively the number of
points at which f is not continuous and f is not differentiable, then m+n is

[31-Jan-2024 Shift 2]



Options:
A.

0

D.
2

Answer: C
Solution:

f:(0,)—R

—[logx

fl)=

1
_—m;Oﬁxﬁl
1 e
fo ==k -

€

=x:0<x<1

]

|
-
I
—

m =0 (No point at which function is not continuous)
n =1 (Not differentiable)

~mtn=1

Question55

Letf : R — R be defined as

a—bcos2x

7 H
X

x=<0

fl)=

Y tex+2 ;o 0=x<1

2x—+1 : x>1



If fis continuous everywhere in R and m is the number of points where f is NOT differential then m + a
+b + cequals :

[1-Feb-2024 Shift 1]

Options:
A.

1

D.
2

Answer: D

Solution:

At x =1, f{x) is continuous therefore,
f1)=f{1)=1£1)
fl1)=3+c...... (1)

f(17)= lim2(1 +h)+1
h—0

fl1)=1lim3+2h=3 ... (2)
h—0

from (1) & (2)
c=0

at x = 0. f{x) is continuous therefore,
£(07) = £(0) = £07) ......(3)

£0)=£(07) =2 .....(4)

f(0) has to be equal to 2

. ~a—bcos(2h)
lim 5=
h—0 h

ant 16kt
\ “_b{l_zt+4! +}
lim =
h—0 W

a<b+b {2h2—§h4...1

lim ! !
h—0 i
for limit to exist a—b =0 and limitis 2b......... (5)

from (3), (4) & (5)
a=b=1

checking differentiability atx=0



1—c032h_2

}12
LHD : lim =
h—0
AR 16kt
o (1 2I+T'"] 2h
lim \ =0
hA—0 —h_
+ R4
RHD : Lf_m(()h)%={}
h—

Function is differentiable at every pointin its domain
~m=0

m+ta+b+te =0+1+1+0=2

Question56

Let f(x) =2| x2 + 5|x| —3|, xER. If m and n denote the number of points where f is not continuous and not
differentiable respectively, then m + n is equal to :

[1-Feb-2024 Shift 2]

Options:
A.

5

D.
3

Answer: D

Solution:

F)=2x"+5|x|~3|

Graph of y={2x* +5x—3

v

172




Graph of f(x)

b
) — 9

Number of points of discontinuity =0=m

Number of points of non-differentiability =3 =rn

Questions7

2. 1
Let f(x) = sin (1) *#0 . Then at x =0
0 ,x=0

[24-Jan-2023 Shift 1]

Options:
A. fis continuous but not differentiable

B. fis continuous but f is not continuous

C. f and f ' both are continuous

D. f is continuous but not differentiable

Answer: B
Solution:
Continuity of £(x) : £(0") = h- sin %:o
= (<h)2-sin [ ZL) =
£(0)=(<h) sm( h) 0
£(0)=0
f(x)is continuous
(1
h?-sin (=) -0
£(0%) = fimy SOFM=EQ) (h) —0
b0 h h
(1
hz«sm — 1 =0
FOYE gy £O }i)h £(0) _ (h—h) ~o

h—0
f(x) is differentiable.



f'(x):2x~sin ( l) +x2~cos( l) -l
X X

f'(x): { 2x~sin(i)—cos

0 x=0

(x) is not continuous (as cos( l) is highly oscillating at x =0")
X

—_—
ol it
~—
>
+H
(=]

Question58

If the function

(1+|cosx]|) < X< =
cos x|
w=
f(x) = g x=3 .
cot6x
ecotdx , §<x<7r

is continuous at x = 7, then 9i + 6log n + u6 —e%is equal to
[25-Jan-2023 Shift 2]

Options:
A. 11

B.8

C.2¢+8
D. 10

Answer: D
Solution:

cot6x sin 4x - cos 6 X

= lim gcotdx = lim ¢ sin 6x:cos4dx =¢?
+ +
T T

X— — X — =

2 2
A

= lim7(1+\cosxllcosx =

/3

X — —

2
=>f(m/2)=n
For continuous function =¢*/*=¢*= N

L= %7“:e2/3

Now, 9+ 6log pu+pu®—e” = 10




Question59

Let a € Z and [t] be the greatest integer <t. Then the number of points, where the function
f(x)=[a+13sin x|, x € (0, ) is not differentiable, is
[6-Apr-2023 shift 1]

Answer: 25

Solution:

f(x)=[a+ 13sin x] =a+[13sin x]-in (0, 7)
x € (0, m)

= 0<13sinx<13

= [13sinx]= {0, 1,2, 3,...12,13,}
Total point of N.D. =25.

Question60

Letf : (—2,2) — R be defined by

f(x)={ X 20

x—-D[x] 0<x<2

where [x] denotes the greatest integer function. If m and n respectively are the number of points in
(—2, 2) at which y = | f(x)| is not continuous and not differentiable, then m + n is equal to
[10-Apr-2023 shift 1]

Answer: 4
Solution:

=2x —2<x<-1
f(x) = -X -1<x<0

0 0<x<1

x—1 1<x<2
Clearly f(x) is discontinuous at x =—1 also non differentiable.
~m=1

Now for differentiability

-2 =2<x<-1
. =1 —-1<x<0
£ = *

0 0<x<1

-1 1<x<2
Clearly f(x) is non-differentiable at x =—1, 0, 1
Also, |f(x)| remains same.
~n=3
~m+n=4

Question61

Let f(x) = [X2 —x]+ | —x+[x]|, where x € R and [t] denotes the greatest integer less than or equal to t.
Then, fis :



[11-Apr-2023 shift 1]

Options:

A not continuous at x =0 and x = 1

B. continuous at x =0 and x = 1

C. continuous at x = 1, but not continuous at x =0
D. continuous at x = 0, but not continuous at x = 1
Answer: C

Solution:

Here f(x) = [x(x — 1)] + {x}
f0H=-1+0=-111"=0+0=0

£(0)=0 f(1)=0

f(1)=—1+1=0
~f(x)is continuous at x = 1, discontinuous at x=0

Question62

x+1 x<0 x+1

Let f and g be two functions defined by f (x) = { xt fnep ! and g(x) = { X :2 . Then (gof) (x) is
[11-Apr-2023 shift 2]

Options:

A. continuous everywhere but not differentiable at x = 1

B. continuous everywhere but not differentiable exactly at one point

C. differentiable everywhere

D. not continuous at x = —1

Answer: B

Solution:

x+1 x<0
f(x)= { I-x 0<x<1.

x—1 1<x

@ < { x+1.x<0
1 x>0
+2 <-1
) S A
1 x>—1

~g(f(x)) is continuous everywhere
g(f(x)) is not differentiable at x =—1
Differentiable everywhere else

Question63

Let [x] be the greatest integer <x. Then the number of points in the interval (—2, 1), where the function
f(x) = [[x] | +Vx — [x] is discontinuous, is .
[12-Apr-2023 shift 1]



Answer:; 2

Solution:

Need to check at doubtful points
discont-at x | only

at x=—1=f(=1")=1+0=1
Sf-1)=2+1=3

at x=0=f0)=0+0=0
=Sf0)=1+1=2
atx=1=f(1N=1+0=1
Sf1)=0+1=1
discont. at two points

Question64

Let [x] denote the greatest integer function and f(x) = max{1 + x+ [x], 2 + x, x +2[x]}, 0 <x < 2. Let m be
the number of points in [0, 2|, where f is not continuous and n be the number of points in (0, 2), where f

is not differentiable. Then (m + n)2 +2 is equal to
[15-Apr-2023 shift 1]

Options:
A.6
B.3
C.2

D. 11

Answer: B

Solution:

1+x; x€[0,1)
Let g(x)=1+x+[x]= { 2+x; x€[1,2).

5; x=2
X; x €[0, 1)
Mx)=x+2[x] = { x+2; x€[1,2).
6, x=2

r(x)=2+x
£~ { 2+x; XE[0,2)'
6; x=2

f(x) is discontinuous only at x =2 = m=1
f(x) is differentiable in (0,2) > n=0
(m+n)’+2=3

Question65
sin(x — [x]) X€E(-2,-1)
Let f(x) = max{"zx [;g\x\]} @) where [t] denotes greatest integer <t. If m is the number of points
1 othewise .

where f is not continuous and n is the number of points where f is not differentiable, then the ordered



pair (m, n) is :
[24-Jun-2022-Shift-2]

Options:
A.(3,3)
B. (2,4)
C.(2,3)
D.(3,4)
Answer: C
Solution:
sinx — [x]) —2,-
) T xE(=2,-1)
@)= max{2x, 3]} <1
L otherwise .
sinx—2) -2,-
sl Ye(=2.-1)
109 = ° T
7w x€(0,1)
1 otherwise .

It clearly shows that fix) is discontinuous

At x=-1_1 also non differentiable

andatx=0.1 H D= lim Ww
k0 =

R.HD = li L0 SO _ 5

H=1 n
~f{x)is not differentiable at x =0

am=2. =3

Question66

szj ng , where [t] is the greatest integer <t. Then, in the open

Let f(x) = [2x" + 1] and g(x) = {

interval (—1, 1), the number of points where fog is discontinuous is equal to
[25-Jun-2022-Shift-2]

Answer: 62

Solution:

flg(0) = [2¢°(1 + 1
_ 2(2x—3)]+ 1;x <0
{ [22x +3)"]+1;x > 0.
. fog is discontinuous whenever 2(2x - 3) or

2(2x +3)* belongs to integer except x =0.
~62 points of discontinuity.




Question67

—x+3]  x<0

e* x>0

Let f, g : R — R be two real valued functions defined as f(x) = {

X2+k1X x<0

4x +k, x>0

and g(x) = {
where k, and k, are real constants. If (gof) is differentiable at x = 0, then (gof) (=4) + (gof )(4) is equal to

[26-Jun-2022-Shift-1]
Options:
A 4@+ 1)

B.2@2e*+ 1)

c. 4¢*

D.22e* - 1)
Answer: D

Solution:

++ gof is differentiable atx =0

SoRHD=LHD

d Xy d 2. i
{4 k)= E((— XT3~k xr 3]

dx

=24=6-k=k=2
Als0 f((07)) = £(£(07)
24-k=9-3k =2 k=-1

Now g(f(~4)) = &(f(4))
=g-1)=gleh)= (1= k)~ ('~ k)
=de*-2

=22 - 1)

Question68

Let f (x) =min{l, 1 +xsinx}, 0 < x <27z. If m is the number of points, where f is not differentiable and n

is the number of points, where f is not continuous, then the ordered pair (m, n) is equal to
[26-Jun-2022-Shift-2]

Options:
A.(2,0)
B.(1,0)
C.(1,1)
D.(2,1)
Answer: B

Solution:



f)=mm{l 1 +xsinx}, 0=x=x

1 0=x<m
fo=1
l l+xsinxy wm=x=2m
Now at x=m, lim f(x}=1= lim f(x)

T x—=T

~f{x) is continuous in [0, 2]

NoW at x=4L/H D= anﬂ

h—=1

R H.D=lim f(z—h;—f(;r) —1- (rz—h);in.ﬁ—l _

-
h—10

~fix) is not differentiable atx ==

a(m, n}=(1,0)

Question69

Let f: R — R be defined as

[e", x<0
f(X)= ac*+[x—1], 0<x<1
b+ [sin(nx)], 1<x<2

[e™—c, X>2.

where a, b, ¢ € R and [t] denotes greatest integer less than or equal to t. Then, which of the following
statements is true?
[28-Jun-2022-Shift-1]

Options:

A. There exists a, b, ¢ € R such that f is continuous on R.

B. If f is discontinuous at exactly one point, thena+b+c=1
C. If f is discontinuous at exactly one point, thena+b+c# 1

D. f is discontinuous at at least two points, for any values.ofa, b and ¢

Answer: C

Solution:

0 x<0

ae*—1 0<x<I1
f(x) = b x=1
b—1 1<x<2
=8 x=>2
To be continuous at x =0
a—1=0
to be continuous atx =1
ae —1 =b=b- 1= not possible
to be continuous at x =2
b—l=-c¢=>b+c=1
If a=1andb+c=1 then f(x) is discontinuous at exactly one point.

Question70



Let f, g : R — R be functions defined by

[1-x%|, x>0.

f(x)={ b x<0 and

g(X)= { e —X, x<0

x-17%-1, x>0.

where [x] denote the greatest integer less than or equal to x. Then, the function fog is discontinuous at

exactly :
[28-Jun-2022-Shift-2]

Options:

A. one point
B. two points
C. three points

D. four points

Answer: B

Solution:

Fx)= { [x], x<0
1-x, x>0

X _ <0
and g(x) = { CTR
x—-1)7%*=1, x>0

[e®)], gx)<0

1-gx), gx)>0"
P4

AN

f°g(X):{

r
L 4
1%

v

(graph of y = g(x))

l+x~¢", x<0
1, x=0
[(x—1)*-1], 0<x<2

R-x-17, x>2
So, x =0, 2 are the two points where fog is discontinuous.

Question71



Letf : R — R be a function defined by :

max{t373t}; x<2
t<x
f(X)= X2+2X—6; 2<x<3
[x—=3]+9; 3<x<5
2x+1; x>5.

where [t] is the greatest integer less than or equal to t . Let m be the number of points where f is not
differentiable and I = jz f (x)d x . Then the ordered pair (m, 1) is equal to :
-2

[29-Jun-2022-Shift-1]

Options:

A (3,

|3

|8

B. (3,

C. (4,

|3

)
)
)
)

D. (4,

=5

Answer: C

Solution:

fx)=x-3x x<-1
2 -1<x<2

X2 +2x—6 2<x<3

9 3<x<4 -

10 4<x<5

11 x=5
2x+ 1 x>5

Clearly f(x) is not differentiable at
x=2,3,4,5=>m=4
27

-1 2
[=[(-3x)dx+ | 2-dx= 2L
Nt 2 2

Question72

The number of points where the function

Px*-3x—=7] if  x<-1
f(x)= 43S0 it —l<x<l
x+ 1+ x-2 if x>1.

[t] denotes the greatest integer <t , is discontinuous is
[24-Jun-2022-Shift-1]

Answer: 7



Solution:

wf(=1)=2and f(1) =3
Forxe (-1 15 {4" - 1} e[-1.3)
hence f(x) will be discontinuous at x =1 and also

whenever 4x° =1 = 0.1or2

:>x=:l=—Land:ﬁ
2 2

V2

So there are total 7 points of discontinuity.

Question73
Let f(x) = 4x2=8x + 51, if 82— 6x+ 12 0
[4x2 — 8x + 5], if 8x* — 6x +1 <0

where [a] denotes the greatest integer less than or equal to a. Then the number of points in R where f is
not differentiable is
[25-Jul-2022-Shift-1]

Answer: 3

Solution:

l4x®—8x+5  if 8x*—6x+1>0

f(x)= R o
[4x"—8x+5], if 8x"—6x+1<0.
4x> - 8x+5 ifxE[foo l]u[loo)
- 7 ok
. 1 1
4x* - 8x+5 f E(—,—).
[4x X +5] if x o)
f(x)=
12-V2 1
4 2 2
. 1 2-2 1
. Non-diffatx= -, =—=, —
on-diffatx= 7, ===,

Question74



x<0

x> 0.

x+a,
Ix—4,

Iff(x)= { and g(x) = {

equal to :
[26-Jul-2022-Shift-1]

Options:

A.—-10

B. 10

C.8

D. -8

Answer: D

Solution:

+f(x) and g(x) are continuous.on R

ra=4andb=1-16=-15
then (g o £)(2) + (fog)(-2)

x+1, x<0

(x—4)*+b, x>0.

=g +f(=D
=-11+3=-8
Question75
,
If for p # q # 0, the function f (x) = 3—‘197(29:70'9
\ qx -

[27-Jul-2022-Shift-2]
Options:
A.7pgf(0)—1=0

B. 63qf(0)—p* =0
C.21qf(0)—p>=0

D. 7pgf (0)=9=0
Answer: B

Solution:

Np(729+x) - 3
NT29+qx — 9
for-continuity at x =0, 1im f(x) = f(0)

x—0
IN T e
NOW, “fim £() = fjm —2I2220 =3
x—0 x—0 729+ gx -9
=p =3 (To make indeterminant form)
1
@3"+3x)7 -3
1
(729 +qx) 3-9

3[(1+%)7—1]

= lim S

Xx—0 [ q ]
9 + === -
(1 729X) !
1
7q

f(x) =

So, lim f(*)= lim

x—0 x—0

~|—

W —
|"Q e

W=
W —
N
N
©°

~£(0) =

~ Option (B) is correct.

are continuous on R, then (gof)(2) + (f 0g)(—2) is

3. 3
is continuous at x =0, then :



Question76

The function f : R — R defined by

_J2n . ) . . .
f(x) = g, @ x _sinx— D) 49 continuous for all x in :

2n+1 2n
n—% 1+x =X

[28-Jul-2022-Shift-2]

Options:
A/R—-{=1}
B.R—{-1,1}
C.R— {1}
D.R- {0}
Answer: B

Solution:

— 2“ 1 —
f(x) = 1im cos(2mx) —x~ sin(x— 1)

T
1+X2n l_XZn

n-— o
For [x| < 1, f(x) = cos 2 m x, continuous function
%COSZTLX* sin(x — 1)
x> 1, f(x)= lim — :
n—w —+x—1
2n

= w continuous

1 if  x=1

For x| =1, f(x) = ) )

=1+ sin2) if x=-1.
Now,
lim f(x)=—1, lim f(x) =1, so discontinuous at x = 1
x—1" x— 1" )
lim fx)=1, lLim f(x)=- % so-discontinuous at x =—1
x— 1" x——1

~f(x) is continuous for all x e R—{-1, 1}

Question77

The number of points, where the function
f:R>R,f(x)=|x—=1]|cos|x—2|sin|x—1] +(X—3)X2—5X+4|, is NOT differentiable, is :
[29-Jul-2022-Shift-1]

Options:
Al
B.2
C.3
D.4

Answer: B

Solution:

f:R—>R

fx)= |x—1]cos|x=2] sin|x=1 |+(X*3)‘x2*5x+4‘
=|x—1]cos|x—2] sin|x—1|+(x—-3)|x~1]|x=4|
=|x—1|[cos|x—2]sin|x—1]|+(x—3)|x—4]

Sharp edges atx=1and x=4

~ Non-differentiable at x=1 and x =4



Question78

log (1+5x)~log (1 +axx) i x£0
Let the function f (x) = X "7 %77 be continuous at x = 0.
10 s if x=0.

Then a is equal to
[29-Jul-2022-Shift-2]

Options:
A. 10
B.—-10
C.5

D.=5
Answer: D
Solution:

f(x) is continuous at x =0
+£(0) = lim f (x)

x—0
log (1 +5x) —log (1 +0x)
X

x—0
log(1+5%) , 5 log (1+ax) o
5x ox

= lim
x—0
=1x5-a

=20=5-10=-5

Question79

If [t] denotes the greatest integer <t, then the number of points, at which the function

f(x)= 4| 2x+3 ‘+9 ’x + %l —12[x + 20] is not differentiable in the open interval (—20, 20), is
[29-Jul-2022-Shift-2]

Answer: 79

Solution:

f(x):4\2x+3’+9[x+ %} —12[x +20]

:4|2x+3‘+9[x+ %] — 12[x] - 240

f(x) is non differentiable at x = — %

and f(x) is discontinuous at {—19, —18, ..., 18, 19}

_39 _37 23 _1.1 39
2 N 2T 2 }

at same point they are also non differentiable

~ Total number of points of non differentiability

=39+40

=179

as well as {




Question80

Let f : R — R be defined aslf f (x) is continuous on R, then a+ b equals
[2021, 26 Feb. Shift-11]

Options:
A3
B.-1
C.3
D.1

Answer: B

Solution:

Given, f(x) is continuous on R.
If £ (x) is continuous, then f is continuous at x=1
= lim f)=f(1)= fim f(x)

x—1 x—1"
= |at+t1l+b| =sinnt=0
=>a+b=-1...(i)

Also, f is continuous at x =—1
= lim f)=fD= lim f(x)
X — -1 Xx—-1
=>2sin( ’2_“(—1)) :‘a—ub‘

= 2= |a+b—1]...(ii)
Eq. (i) is satisfied.
s~ atb=-1

Question81

Let f be any function defined on R and let it satisfy the condition |f (x) —f(y)|<| (x— y)2 |,V(x,y) ERIf
f(0) =1, then
[2021,26 Feb. Shift-1]

Options:

A. f(x) can take any value in R
B.f(x)<0, Vx ER
C.f(x)=0, VXE€R
D.f(x)>0, VxER

Answer: D

Solution:

Given, [f(x) ~ f(y)|<x—y[’

o fO— £ Sx,yl
x—yl

Now, taking the limit,

i | TR

x—»y X y \

=1 (y) | <0 [ using the definition of f (y) ]

=f(y)=0 [since, modulus value can never be less than 0]

On integrating it, we get

f(y) = ¢ (constant)

Given, f(0)=1givesc=1

. f(y)=1Vy€eR

From given options, f(x) > 0 Vx € R is satisfied only.

< lim
X—y

X*y‘



Question82

Let f (x) be a differentiable function at x = a with f'a =2 and f (a) = 4.Then, j;,, Xf(ai:zf(x) equals
[2021, 26 Feb. Shift-11] e

Options:

A.2a+4

B.4-2a

C.2a-4

D.a+4

Answer: B

Solution:

xf(a) —af (x)
x—a
_ )}‘E‘d xf(a) — af(x)z J_r :f(a) —af(a)
- jim EE a0~ F]
o EA@) )
a x—'a

X —a X X —a

=f(a)—af (a)
=4-a(2) [ Given, f(a)=4, (a)=2]
=4-2a

lim

X—a

Question83

. 2
A function f is defined on [-3, 3] as f(x) = { minffx, 25X\ "2 5x =2
[x[] ,2<[x]<3.

where, [x] denotes the greatest integer <x. The number of points, where f is not differentiable in (-3, 3)

iS ceveeennee {
[2021, 25 Feb. Shift-11]

Answer: 5

Solution:

For this particular problem, try to draw graph in the region (=3, 3), it will be as follows,

Thus, points of discontinuity will be at =2, 2 because the curve breaks at these points and at —1, 0, 1 because curve has sharp points.
~ Point of discontinuity are -2, -1, 0, 1,2 i.e. 5 points.




Question84

The number of points at which the function f(x) = | 2x+1|—3x+2| X+ x - 2| x € Risnot
differentiable, is ............ .
[2021, 25 Feb. Shift-1]

Answer: 2

Solution:

Given,
f(x) = |2x+1]=3x+2|+x*4 x-2|
= |2x+1|-3x+2|+|x+2|xx—1]

Here, critical points are x = %1 -2,1

~f(x)= —2<x< _1
N\

2x+2

-2x—6

Now, f (x) =
-2x—2

2x

Now, f'(x).at 1,2 and —1/2.

Forx =1,

fx)=2x=2x1=2

and —2x —2=—(2 x1)—2 =—4 both are not equal.
« Non-differentiable at x = 1

Similarly, for x =-2,
f(x)=2x+2=2x(=2)+2=-2

and —2x — 6 = -2 x(—2)— 6 = —2 both are equal.

-~ Differentiable at x = -2

and for x = —1/2, f (x) =—2x—6

=-2x ( 71)76275 and

—2x—=2=-2x ( ;—1) —2 =—1 both are not equal.

~ Non-differentiable at x ==1/2
~ The number of points at which f(x) is non-differentiable is 2 .

Question85

Iff : R — Ris a function defined by f (x) =[x — 1] cos( 2"2—71) n, where [.] denotes the greatest integer

function, then f is
[2021, 24 Feb. Shift-1]



Options:

A. discontinuous only at x = 1

B. discontinuous at all integral values of x exceptatx = 1
C. continuous only atx = 1

D. continuous for every real x

Answer:D

Solution:

Given, f(x)=[x—1] cos( 2"2—_1) n where [-] is greatest integer function and f : R — R

It is a greatest integer function then we need to check its continuity at x € I except these it is continuous.
Letx=nwherenel

Then, LHL= lim [x— 1] cos(
X—n

:(n—2)c0s( %)n:O

ZX*I)n
2

RHL = |im [xfl]cos( %) m
X —>n+
2n—1
=(n-2 = |n=0
(n )cos( > ) m
and f(n)=0.
Here, lim £(x) = lim f(x)=f(n)
X—n X—n
~ It is'continuous at every integers.
Therefore, the given function:is continuous for all real x.

Question86

If f : R = Riis a function defined by f (x) =[x — 1] cos( R ) n, where [.] denotes the greatest integer

function, then f is:
24 Feb 2021 Shift 1

Options:

A. discontinuousatall integral values of x exceptat x = 1
B. continuous only at x = 1

C. continuous for every real x

D. discontinuous-onlyat x = 1

Answer: C

Solution:

Forx=n,n€eZ

LHL = fim f() = lim [x—l]cos( 2"’1)7::0

X—n X—n

RHL. = {im f(®) = fim [x—l]cos( 2"’1)7[:0

+ -+
X —n X—n

f(n)=0
=>LHL=RHL=f(n)
=f(x) is continuous for every real x.

Question87



Iff(x)= x| X | >1; ax’ + b,; , | x | <1. is differentiable at every point of the domain, then the

values of a and b are respectively
[2021, 18 March shift-1]

Options:
1 1
A. 5, E
1.3
. 2 2
5.3
C. >3
_1 3
D 2’2
Answer: D
Solution:
Given, f(x) = { \714_| X 21;ax2+b,, x|<l1.
1
— x<-1 or x>1
= f(x)= x|
ax’+b —1<x<1.
< x<-1
X
= fx)= ax’+b  —l<x<lI
1 x>1.
X
Lz x<-1
X
Given, f(x) is differentiable at every point of domain. .. f/(x) = 2ax —l<x<1
__1 x> 1

+f(x) is differentiatble at x = 1
~(LHD atx=1)=(RHDatx=1)
> fa)=f1h
1
= 2a==1=>a= 3
As, we know that, a function. is differentiable at x = a, if it is continuous at x = a.
Hence, f(x) is also continuous at x = 1.
iie.,(LHLatx=1)=(RHLatx=1)=f(1)

= atb=1
= (—l)+b:1
2
3
= =&
b 2
123
Hence, a 2,b >

Note You can also (or apply) continuity and differentiability at x = —1.

Question88



Letf : R— R be a function defined as

sin(a+ 1)x+sin2 x

o if x<0

f(x)= Db if x<0
Vx+bx® —Vx

bx>’? if x>0.

If f is continuous at x = (0, then the value of a+b is equal to
[2021, 18 March Shift-1I]

Options:
=3
A. 3
B. -2
C.-3
-3
D. 5
Answer: D
Solution:
sinfa+1)x+sin2x x<0
2x
Given, f(x) = b x=0
\“ x+bx> —Vx x>0
bXS/Z

+ f(x) is.continuous at x = 0.
lim £&) = lim £()=£(0) ...(7)

x— 0 x—0"
f(0)=b ...... (ii)
lim £) = lim ( sin(a+l)x+sin2x)
2x
x—0 x—0
> lim ()= lim ( sin@+1)x sm2x)
X—0 Xx— 0 2x 2x
_ . sin(a+ 1)x atly, sin2x
xlio,( @+ )X X( 2 ) 2x )
a+1
= S2aSg- 7. ..
3 (iii)

. {X+b8 —Vx
Again, fim £(x)= lim (#
x—0" x—0" bx’

_ (V‘x+bx3*\/;)(\jx+bx3+\/;)
x—0" be/z(\jm'F\/;)
_; (x+bx3—x)
= lim — —
x— 0%’ 2(Vx + b + )
RN
- um “T
x—0 Vx( 11+ +1)
1 .
= lim f) = 5. (V)
x—0'
From Eq. (i), (ii), (i) and (iv)
L3, Vg Nl o,
2 2
S
-3
+h= —=2
a+b 3

Question89



Let f : R — R satisfy the equation f(x +y) =f(x) - f(y) for all x, y € R and f (x) # 0 for any x € R. If the
function f is differentiable at x = 0 and f '(0) =3, then i, %(f (h) =1) is equal to............
h—0

[2021, 18 March Shift-II]

Answer: 3

Solution:

Method 1
Given, f(x+y) =f(x)- f(y) Vx,y €R
~f(x) =a"
> f(x) =a" log(a)

Now, f(0) =log(a)
= 3 =log(a)
=a = 63
2 E(X) = (@) =™

f(h) =&

ot =1y o (-1
Now, im ( £5=) & im [ )
) e}h_ 1

- hhjno( 3 3)

=3x1=3
Method(2)

! 0

Let L= lim 3(f(h) 1)( 3 form)
fx+y)=fx)+f(y)

Put x=y=0

~ £(0)=£(0)-f(0)

= [F(O))° =£(0)

= [fOF~f(0)=0

> fO)[f©0)—1]=0

> £(0)=0,f(0)=1

Rejected because f(x) #0, Vx € R

. £(0)=1

Using L-Hospital Rule,

£'(h)—-0

L = lim
h—o0
=f'(0)=3

Question90

If the function f(x) = St —cosx jg continuous at each point in its domain and f (0) = 11;, then k is ..........

[2021, 17 March Shift-1]

Answer: 6

Solution:

f(x) = cos(sin xz —cosX

X
As, f(x) is continuous everywhere, so
£f(0)= limf(x)

x—0 .
= lim cos(sin xz —CosX
x—0 X

On expanding the numerator and only identifying the coefficient of x* will give us the required limit.



.2 .4
| osinx smx)
24

—_—
[\

cos(sinx) =
1 4

+
23

4
)+ 5

24
4

Question91

f 1
Consider the function f : R — R defined by Then, f is f(x) = [2sin( 3 ]|

[2021, 17 March Shift-1I]
Options:

A. monotonic on (=, 0) U (0, )

B. not monotonic on (—o0, 0) and (0, )
C. monotonic on (0, «) only

D. monotonic on (-, 0) only

Answer: B

Solution:

Method (1)

Given, f(x) = { [Zfsin( ;{)HX, x#0
0

x=0

Here, f'(x) is an oscillating function which is non-monotonic in (—, 0) U (0, ).
Method (l1)

v X)) = 0 x=0
(27sin)—l()x x> 0.

From above we observe that, f(x) is continuous and f( l) = f( Z) -2 So, f(x) is non-monotonic in (0, ).
T T T

Further, lim (f) » o and [im f(x) = ©

and f(0)=0
Hence, f (x) is non-monotonic on (=, 0) U (0, ).

Question92




Let the functions f : R - Rand g : R — R be defined as

x+2 x<0

X x>0

f(x)=

and g(x) = XY x<l

3x—2 x>1

Then, the number of points in R, where (f og)(x) is not differentiable is equal to
[2021, 16 March Shift-1]

Options:
A3
B.1
C.0
D.2

Answer: B

Solution:

2

X+2 x<0
f(x)=
X x>0

g(x)={ ¥ oxsd

3x—-2  x>1.

gx)+2 T g(x)<0
fle(x)] = { .
g(x) g(x) = 0.
X o
L %
X 2= *X
s /0| A%
Xy
&/
\_":"'
&/
| .y
When g(x) <0 = g(x) =x°, x <0
3
When g(x) > 0 = g(x) = { X O=x<1
3x=2 x>1
X +2 x<0
flex®)]= x° 0<x<l1

(3x—2) x> 1.
As, polynomial function is continuous everywhere in its domain. So, f[g(x)] will be continuous everywhere at x <0, 0 <x <1 and x > 1. We will check
the behaviour of fog(x) only at boundary points which is x =0 and x = 1.
limx*=0 — 0 x> +2)=2
x=0,
Clearly, L'HL #RHL at x=0
So, f o g(x)-is discontinuous at x = 0.

lim (3x=2 "' (lim®= 1
x— 1"
Also f(1) =1 fog (x) is continuous at x =1
Derivative testat x =1,
LHD= Jy T =F=h)
h—0 h
_ _ 10
< L0
= lim6(1-h)’=6
h—0
RHD = |im fa+h=fd
h—0 h



2
=g BOED 2P 1

h—0 h
= im2B0+h)-2]-3=6
h—0

-~ fog (x) is continuous and differentiable at x = 1.

Question93

Letf : R - Rand g : R — R be defined as

X+a x<0

f(x)= { o T and

x+1 x<0

g(x) = { (x=17%*+b  x>0.

where a, b are non-negative real numbers. If ( gof) (x) is continuous for all x € R, then a + b is equal

[2021, 16 March Shift-1I]

Answer:-1

Solution:

x+1 x<0
gx)= )
x-1)*+b  x>0.

f(x)+1 f(x)<0

glf ()] = { "
[f(x)—1]"+b, f(x)>0.

f(x) <0

Caselxta<0andx<0=>x<-a

Case ll [x— 1| <0 and x >0= Not possible f(x) >0

Caselxta>0and x<0=x €[a,0)

Casell x—1|>0andx>0=>x>0

x+a+1 x<-a
glf(x)] = { (x+a—17+b —a<x<0
(x=1]-1)*+b x> 0.
This is continuous function.
Since, g[f (x)] is continuous for all x € R
So, g(f(x)) will be continuous at x=—aand x=0
Now, at x=-a
LHL =RHL = value of function
=>1=1+b=1+b=>b=0
Atx=0
LHL =RHL = value of function
= (a—1)>+b=b
= (a-1)7%=0
=>a=1
Hence, a+b=1

Question94

Let a € R be such that the function f (x) =

cos (1 {x}%)sin (1 - {x})
k)

o

{x} = x — [x], [x] is the greatest integer less than or equal to x.

Xx#0

x =0.

is continuous at x = 0, where



Then,
[2021, 16 March Shift-1I]

Options:

Aoa= L

\2
B.a=0
C. no such a exists

D.a=

13

Answer: C

Solution:

cos (1 - {x}H)sin (1 - {x})
Given, f(x) = { xh—{x)? 7,0

{x} =x—[x]
So, whenx — 0"
=2>{x}=x-0=x
And, when x — 0
={x}=x+1
LHL = 1im f(x)
x=0
N\ cos '[1=(1+x) sin 'TI=(1'+x)]
x—0 (1+x)—(1+x)°
- im cos (—x%—2x)sin" (=)
S A F 00— 1-x)
- lim cos '(—x*=2x)
oo (1+x)(x+2)
-~ cosﬁl(O)_ b
T 12 4
RHL =" |im (%)
x—0"

cos '(1-xYsin (1 -x)

= im0 )
12
= T S8 (1-x")
2x—>0 X

Applying L-Hospital Rule,
. ED(2x)
5 lim ——

2o {1-(1-x)

= __x
24

T
—211m T
20 o0 y2xP-x

=T lim —
x—0 \“2*){2
- T
2
LHL=Zand RHL = L
4 \2

Hence, LHL # RHL
So, the function will be discontinuous for every value of o € R.
=~ No such a exist.

Question95

Letf : S — S, where S = (0, ) be a twice differentiable function, such that f(x+1) =xf(x). Ifg: S — R
be defined as g(x) = log,f(x), then the value of g (5)—g (1)| is equal to
[2021, 16 March Shift-II]



Options:

205

197

187

D.1

Answer: A
Solution:

We have, f : S — S, S=(0, ©)
f(x+1)=xf(x)

g:S—R

g(x) = log f(x)

To find g'(5) = g'(1)|

gx+ D =log f(x+1)
g(x+1)=log[x - f(x)]
g(x+1)=logx+logf(x)
g(x+1)=logx+g(x)
g(x+ 1) —g(x) = logx
sSgx+1)-gx) =1/x

=gt )-g =3
X

x=1g@-gM=-1...(0)
x=2,g () =g @=-1/4.. (i)
x=3.2@)-¢3)=-1/9. . (i)
x=4g'G) -g@=-1/16 ... (iv)
Adding Egs. (i), (ii), (iii) and (iv),
ge-gm =-1-1- - L
:_( l44+36+16+9)
144 .

N N

_ =205

144

" " 205
So,lg(®)-gMI=

144

Question96

Letf : [0, 3] rightarrow R be defined by f (x) = min{x — [x], 1 + [x] —x]where [x] is the greatest integer
less than or equal to x. Let P denote the set containing all x in(0, 3), where f is discontinuous and Q
denote the set containing all x in(0, 3), where f is not differentiable.

Then the sum of number of elements in P and Q is equal to ............. .
[2021, 27 July Shift-1]

Answer:5
Solution:

f(x)=min{x—[x], 1 + [x] —x}
f(x)=min({x}, 1 - {x})



S h n,
P X X

/_ \\\:I/'( \\\J

N

S0, the graph of /{(x) will be

7N AN AN
f/l \\\ ’,” ‘\\ I /I \"\
D W21 3 2 52 }
f is continuous everywhere for 0 <x <3. But f is non-differentiable at x = % %, % andx=1,2
So, if set-A denotes the points of discontinuity, then n(A)= 0.
And if set B denotes the points of non-differentiable, then
nB)=5
~.n(A)+nB)=0+5=5
Question97
3a
(1+ | sin x|) Isin x| _4—“<x<o
Letf : (— o g) — R be defined as f(x) = b, x=0
gotax
ecot2x’ 0<x< %

If f is continuous at x = 0, then the value of 6a + b’ is equal to
[2021, 27 July Shift I]

Options:
A l-e
B.e-1
C.lte
D.e

Answer: C

Solution:

f: (— E, E) R
Ay R
3a
(1+] sin x[) [sin x| —§<x<0
f(x)= b x=0
cotdx
e COt2x 0<x< %

Given f(x) is continuous at x =0
LHLatx=0
Putx=0-h



3a
we get lim (1—sinh) sinh

. h—0
ehhino(l—smh— 1)‘ 32 _ 3
—sinh
3a
lim (1+ | sinx|) [sin x|
x—»Oi
\ lim sinx 3p
=ex—0 - 4
[sin x|
RHL atx=0
cot4x
lim e cot2x
x—0"
Putx=0+h
. cot4h
we gethllmo ecoth

cos4h  sin2h
hoo €cos2h sindh
sin2h

cos4h oh "
ec0s2h 512§hx4h:el/2

As, f(x) is continuous at x = 0.
So, LHL=f(0)=RHL

eP=b=¢2
1
.a = - b="¢
a 5 e
6a-+b’ :6(%)+(\/e_)2
=1l+e

Question98

max{sint: 0 <t<x}

2+ cosx

Let f : [0, c0) — [0, 3] be a function defined by f(x) = {
Then which of the following is true?

[2021, 27 July Shift-11]

Options:

A. f is continuous everywhere but not differentiable exactly at one point in (0, o)
B! f is differentiable everywhere in (0, o)

C. f is not continuous exactly at two points in (0, )

D. f is continuous everywhere but not differentiable exactly at two points in (0, ©)

Answer: B

Solution:

Graph of max(sint : 0 < t<x) in x €0, «]

0<x<m

X > T.



l /2 R

and graph of2+ cosx for xe[m, ]

So, grapn of
() = J sint:0<t<x)  0€x<n
2+ C0sX, ¥> T

»X

So, f(x] is differentiable everywhere in

)

Question99

Let f : (a, b) — R be twice differentiable function such that f (x) = Tg(t)dt for a differentiable function

g(x). If £ (x) = 0 has exactly five distinct roots in (a, b), then g(x)g'(x) = (0 has at least
[2021, 27 July Shift-I1]

Options:

A. twelve roots in (a, b)
B. five roots in (a, b)

C. sevenroots in (a, b)

D. three roots in (a, b)

Answer: C

Solution:

We have, f(x)= Tg(t)dt
So, f(x)=gx)and £ (x) = g(x)

) \
{ wf(x) = (I F@)-dt=f(x) }
g(x)
= Fh®)]-h(x) - F [g®)] - g(x)
Now, gv(x)g(x) =0
= ') =0

If £(x) has five roots, then f'(x) has atleast 4 roots and f”(x) has atleast 3 roots.
So, f”(x) . f'(x) =0 has atleast 7 roots. Hence, the minimum number of roots of the equation g'(x)g(x) =0is7.

Question100



Letf : R — R be defined as

2_
AX 5x2+6\ <2
uSx—=x"—-6)
f(X) = tan(x — 2)
e x—[x] x>2
n x=2.

where, [x] is the greatest integer less than or equal to x. If f_is continuous at x =2, then A + p is equal to
[2021, 25 July Shift-1]

Options:
A.ee(-e+1)
B.e(e—2)
C.1
D.2e—1
Answer: A
Solution:
M 5xH6] L,
u(Sx-x2 -6)
We have f(x) = tan(x — 2)
e x—[x] x>2
n x=2.

f(x) is continuous at x =2.

“lim f(X) = lim f(x) =£(2)

X—2 x—2"

o Lo A x=3)(x—2))
#Im FQO= lim - 2)
A x-3)HE-2) A

X—=2

oy H )G
tan(x — 2)
lim f(x)= lime XT2° =e

x—2" x—2"
As, f(x) is continuous.
So, LHL=f(2)=RHL

A_ o _
~hop=e
A=~¢

p=e
Atu=e(-e+1)

Question101

Letf : [0, c0) — [0, «0) be defined as f (x) = (I) [yld y where, [x] is the greatest integer less than or equal to

x. Which of the following is true?
[2021, 25 July Shift-1]

Options:

A. f is continuous at every point in [0, ) and differentiable except at the integer points
B. f is both continuous and differentiable except at the integer points in [0, )

C. f is continuous everywhere except at the integer points in [0, c0)

D. fis differentiable at every point in [0, o)

Answer: A



Solution:

£ [0, %) — [0, )
un=gwwy
Letx=1+f,0<f <1
1 2 3 1
e =Iyidy+Iiyldy+]iyldy+.... T [yidy
=y
+lff[ydy
f(x)=0+142+... (1-1)+1-f
U VU 0 I
2

RIENI

2
£ = BIBIED 4 ppg
£09 = B+ - )

£(1) = |(|;1)

fim £60= 1im "D 41t +h-1)
x =17 h—0 2
NI
P
lim £(X) = lim Wﬂl—l)(lﬁ—l 1

Xx—1" h—0

:(1—1)2(1—2)“171)

_ (=Dl
2
~f(x)is continuous and differentiable except at integer points.

Question102

[(5+11-1)d 2
({(*I thdt x> , then

S5x+1 x<2.

If £ (x) =

[2021, 25 July Shift-11]

Options:

A. f(x) is not continuous at x = 2

B. f(x) is everywhere differentiable

C. f(x) is continuous but not differentiable at x = 2
D. f(x) is not differentiable at x = 1

Answer: C

Solution:

f(x) = { T(5+\1—t\dt,,x>2;5x+1,,x§2.
0

Is+
0

lft’dt

O —— o —

S+ (l-0dt+]5+(E-1)dt
1

(6ft)dt+T(4+t)dt
1

X

2 1 e £
=[6t——] +[4t+ —] =l1+4x+
21o 2 11 2



2
X
+4x+ L x>
SF(X)= { 1+4x > x>2

Sx+1 x <2.

Atx=2
LHL = lim (5x+1)=11

X =2

2

RHL = Tim (l+4x+ 5) =1+8+2=11

x—2" 2
“fQ)=11
So, f(x) is continuous at x=2.

. +
Flx) = { 4+x x>2 }
5 x<2
Now, LHD atx =2 is di(5x+1)xzz=5
X

RHD atx=2is4+2=6
Here, LHD # RHD
So, function is not differentiable at x = 2.

Question103
P(x) x#2
Consider the function f (x) = sin(x —2)
7 x=2.

where, P(x) is a polynomial such that Pm(x) is always a constant and P(3) = 9. If f (x) is continuous at
x =2, then P(5) is equal to ...........
[2021, 25 July Shift-11]

Answer: 39

Solution:

7 x=2.

Given, that P”(x) is always a constant.
=P(x) is a 2 degree polynomial.
f(x) is continuous at x =2

lim P(x)/sin(x—2)=7
x—2"
= lim (xX—2)(ax+b)/sin(x—2)=17

X = 2"

= 2a+b=7...(i)
Now, P(x) = (x — 2)(ax + b)
P(3)=9( given)
= 3a+b=9
Subtracting Eq. (ii) from Eq. (i),
a=2
From Eq. (i), b=3
Hence, P(x)=(x—2)(2x *+3)
S0, P(5)=(5-2)2x5+3)=3x13=39

Frx) = { P(x)/sin(x=2) x#2

Question104

x> o ( 1+2xe72x) x£0
Letf : R — R be defined as f (x) = (1 cos2x)’ 2o\ (1—xe ™)

o x=0.

If f is continuous at x = 0, then a is equal to
[2021, 22 July Shift-I1]



Options:
Al
B.3
C.0
D.2

Answer: A

Solution:

3 —2x
X zloge[ 1+2xei 2] x#0
f(x)= (1 —cos2x) (1-xe™)
o x=0.
X3 -2
For continuity, lim ———[log (I+2xe )

x— 0 4sin'x
—log,(1- xe ¥)*] = o( by expansion .. (i)
—2X\2 —Xy2
log(1 +2xe ) = 2% 2 — % +... and log(1 — xe %) = —x¢ *= % AN,

On putting the values in Eq. (i), we get
3
lim ( 1 5) ( > )[2xe’2x—2(—xe’X)]

x—0" 4% sin"'x

4
= im () (2 ) e Mo
roo' 4x/ \sinx
. 1 X ¢ —2x —X
= lim| — ) | =—) «2x-(¢ "+e ")
0\ 4x sin x

- (711) (D)@ Q> a=1

Question105

Let f : R — R be a function defined f (x) = { 3(17%‘) if  [x]|<2;0,, if ,|x|[>2.

Letg: R— Rbegivenby g(x) =f(x+2)—f(x—2)
If n and m denote the number of points in R,

where g is not continuous and not differentiable respectively, then n + m is equal to ..........
[2021, 22 July Shift-IT]

Answer: 4

Solution:

£(x) = { 3(%) if
gx)=f(x+t2)-f(x=2)

<2;0, if ,|x|>2.

X

X

0 X <=2

31+x)  t2<x<0
f(x)=
%(kx) 0<x<2

0 x> 2.



0 x <=4

%(3+x) <K <2

fx+2) =
%(—1—);) —2<x<0
0 X>4,
0 x<0
3
E(x—l) 0<x<2
fx-2) =

%(—1—);) 2<x<4

0 X >4,
g(x) =f(x+2)+f(x—2)

37X+6 —4<x<2
- pex%0
= 2 X >4,
3—X—6 2<x<4
- <
0
So,n=0and m=4
L m+n=4
Question106
sinx—¢* if x<0
Let a function f : R — R be defined as f (x) = at[~x] if 0<x<1
2x—b if x> 1.

where, [x] is the greatest integer less than or equal to x. If f is continuous on R, then (a + b) is
[2021, 20 July Shift-1]

Options:
A.4
B.3
C.2
D.5

Answer: B

Solution:

sinx—¢* x<0
fx)= a+t[-x] - 0<x<1
2x=b x>1.
f(x) is continuous.
So, imf(0)=0-e’=~1
limf(0") =a-1
> a-l=-1=2a=0
limf(1) = lima+[-1-h]=a—1
h—0
limf '(1hH=2(1+h)~b=2-b
22=b=a-12b=241=3
~atb=3

Question107



3,2 - <x<
Let a function g : [0, 4] — R be defined as g(x) = { max, &, o ("~ 6t +9t-3)  0<x<3

4—-x 3<x<4.

then the number of points in the interval (0, 4) where g(x) is not differentiable, is ...... .
[2021, 20 July Shift-11]

Answer: 1

Solution:

Let f(x)=x> —6x>+9x—3
£x)=3x>—12x+9
f'(x):0 gives

3x* - 12x+9=0
=3x—-1Dx-3)=0
wx=lorx=3

Now, f(1)=1 and f(3) =3

fx) 0<x<1
g(x) = 1 1<x<3

4—-x  3<x<4.

g(x) is continuous.

3x-1)(x-3) 0<x<l
g(x) = { 0 1<x<3

-1 3<x<4.

g(x) is non-differentiable at x = 3.
So, the number of points in (0, 4) where g(x) is not differentiable is 1.

Question108

2
The function f (x) = XX —2x— 3| L2 T12x+4]

[2021, 31 Aug. Shift-1]

is not differentiable at exactly

Options:

A. four points
B. three points
C. two points
D. one point

Answer: C

Solution:

(3x—2)

x—3)(x+1)e x>3

f(x) = —(x= 3+ DY —1<x<3

(x—x+ DT x <,
Atx=—1,let LHD be o, then-its clear that RHD be —a .
Similarly, atx =3, if LHD is B, then RHD at x =3 will be - .
So, f(x) is not differentiable atx =—-1, x =3
At, all other points f(x) will be differentiable.

Question109



1 o
a
;loge T x x<0
b 4

If the function f (x) = is continuous at x =0, then §+ % + [isequal to
k x=0
cos’x —sin’x — 1
\x2+1-1

[2021,31 Aug. Shift-1]
Options:

A.-5-2

B.5

C.-4

D.4

Answer: A

Solution:

f(x) is continuous at x =0
LHL atx=0=f(0)=RHLatx=0

o2
lim =
x—0 > (l)x
a
1 X
sl Dw3)
xo0 ' P b :( 1, 1)
1 a b
( b)x
200 .2
. cosx—sin'x—1
lim —=5—
x—0  Vx"+1-1
—2sin’x 7( 2Si1’12X)
im T=——=—_= lim —
o0t VXTH1-1 (Lo X
(1F1+1)=—4
1,1
= -+ -=—4=k
a b

Question110

Leta, b € R, b # 0. Define a function
f(x) = begin cases asin 2(x—1), for x <0\ 22X=sn2x = for x> ( end cases If f is continuous at x =0,

bx
then 10 - ab is equal to
[2021, 26 Aug. Shift-1]

Answer: 14

Solution:



For continuity
LHL at 0=f(0)= RHLat0

LHL = [jm asin g(x— 1

x—0

:—asing:—a (i)
RHL = lim tanZX73sin2x
x=0" bx
_ . sin2x(1 —cos2x)
=lim — 3 -
x—0'
@ in2x\ (2sin’x) 1 _4
= fim 2( 222X : =2
h:r(lf 2x %2 bcos2x b ®
From Egs. (i) and (ii), we get
_ 4

bx’ - cos 2 x

a =

=>ab =-4
= 10—ab =14

Question111

Let [t] denote the greatest integer less than or equal to t. Let f (x) = x—[x], g(x) =1 —x+ [x], and
h(x) = min{f (x), g(x)}, x € [~2,2]. Then h is

[2021, 26 Aug. Shift-1I]

Options:

A. continuous in [—2, 2] but not differentiable at more than four points in (-2, 2)

B. not continuous at exactly three points in [-2, 2]

C. continuous in [—2, 2] but not differentiable at exactly three points in (=2, 2)

D. not continuous at exactly four points in [—2, 2]

Answer: A
Solution:

We have, f(x) =x—[x] = {x}
and gx)=1-x+[x]=1~+{x}
Y

s X A~ 0K -

\\, o A b 4 ~, \’” \( ¥ ,/
TN | N AN
X AN p oS
AN S N SN
X" el \vf’“ v’ AW » X
=2 =1 =~ 1 2

Y
Again, A(x) = min[f(x), g(x)], so graph of (x) will be

Points of non-differentiability
[

RGERNY
# ~, \\\

From graph, it is clear that h(x).is continuous in [-2, 2] but not differentiable at x = %3, -1, %1, 0, % 1, % in(=2,2)

Question112

W —

Let xk+yk= ak, (a, k>0)and g—i+ (}—y() =0, then k is:
[Jan. 7, 2020 (D)]

Options:



2
4
B.g
2
C.§
1
D.§
Answer: C
Solution:
k.xk’1+k.yk’lg—i:0
g=7 X k-1
=>dx (y)
dy X k*I:
o+ (5)
Zy=-1
=>k-1 3
_q_1_2
>k=1 3
Question113

The value of c in the Lagrange's mean value theorem forthe function f (x) = x> = d4x* +8x + 11, when
X € [0, 1] is:
[Jan. 7, 2020 (ID)]

Options:

45

A —

=)

B.

. ‘

C.

Wi

\7-2
D‘T

Answer: B

Solution:

Since, f(x) is a polynomial function.

- Itis continuous and differentiable in [0,1]
Here, f(0)=11,f(1) =1-4+8+11=16
£/(x)=3x><8x +8

e = F()—F0) 1611

O (1)—0( 2R 1
=3c*-8c+8

=3¢ —8¢+3=0

o BENT _ 44T

6 3
P00

Ne=

Question114



Let [t] denote the greatest integer <t and i, X [3] = A. Then the function, f (x) = [le sin(7mx) is

x—0
discontinuous, when x is equal to :
[Jan. 9, 2020 (IT)]

Options:
ANA+T
B.VA+5
C.VA+21
D. VA

Answer: A

Solution:

4 4 4
i [£] =2 i [ £ (2] ]
x>0 tX x—0 tX X
= lim 4% {‘—‘} —AS4-0-A

x—0 X
As, f(x)= [xz] sin(mx) will be discontinuous at non- integers And, when x =VA +1 = x = 5,
which is not an integer.
Hence, f(x) is discontinuous when x is equal to VA + 1

Question115
If the function f defined on (—%, %) by

1 ( l+3x)
foo= { woelr) w0
k, whenx =0

is continuous, then k is equal to .
[NA Jan. 7, 2020 (IT)]

Answer: 5

Solution:

Jinof(X)=JTlo(i1n(ifgz))

= im ( ln(1;r3x) _In(1 *ZX))

x—0 S

3In(l +3x) _2In(1 —2x))

= lim ( 3x =2x

x—0
=3+2=5
£ (x) will be continuous
~k=f(0)= limf(x)=5

x—0

Question116



If c is a point at which Relle's theorem holds for the function, f(x) = log, ( "271“) in the interval [3, 4],

wherea € R, then f''(c) is equal to:
[Jan. 8, 2020 (D]

Options:

Answer: B
Solution:

Since, Rolle's theorem is applicable
~f(a)=f(b)
f3)=f@)2>a=12
=12
XX +12)
As f'(c) =0 (by Rolle's theorem)
x =413, w0 =12, +"(0) = 15

£(x) =

Question117

sinfa+2)x+sinx

" x<0
If f(x) = b . x=0
21/3_ _1/3
()(-%-3)()4/3 X . x50
X

is continuous at x = 0, then a + 2b is equal to:
[Jan. 9, 2020 (I)]

Options:
Al

B.~1

C.0

D.2
Answer:.C

Solution:

sin(a+2)x+sinx
X

LHL = Jim

x—0

@ sinfa+2)x

th‘o( @+2)x
f(0)=b

)(3+2)+1imw:a+3

x—0

1
RHL = lim ((1+3h)3—1 ) -1
h—0 h



- Function f (x) is continuous
+ lim £(x) = lim £(x)=£(0)

x— 0" x—0"
sat3=1=>a=-2
andb=1
Hence, a+2b=0

Question118

Let f and g be differentiable functions on R such that fog is the identity function. If for some
a, b €ER, g'(a) =5 andg(a) = b, then f'(b) is equal to:
[Jan. 9,2020 (I1)]

Options:
1

A. 3

B.1

C.5

2
D. 5
Answer:'A

Solution:

It is given that functions f and g are differentiable and fog is identity function.
~(fog)(x) =x = f(g(x)) =x

Differentiating both sides, we get

f'(g(x) . gx) =1

Now, put x = a, then

f'(g(a)) . g'@) =1

f'(b).5=1

HOEE:

Question119

Let S be the set of all functions f : [0, 1] — R, which are continuous on [0,1] and differentiable on (0,1).

Then for every f in S, there exists a ¢ € (0, 1), depending on f, such that:
[Jan. 8, 2020 (II)]

Options:
A [f ()~ (1) <(I—c¢) [f'(c)]

B. f(l)*f(c) ~y f'(C)

1-c¢
Cf@e~+ (D <(L+o)|f'(©)
D. Bonus

Answer: D

Solution:

For a constant function f(x), option (1), (3) and (4) doesn’t hold-and by LMVT theorem, option (2) is incorrect.

Question120



Let the function, f : [-7, 0] — R be continuous on [-7,0]and differentiable on (-7,0) . If f (=7) = -3 and
f'(x)d "2, for all x € (=7, 0), then for all such functions f, f'(—1) + f (0) lies in the interval:
[Jan. 7, 2020 (D]

Options:
A (=00, 20]
B. [-3,11]
C. (oo, 11]
D. [-6,20]
Answer: A

Solution:

From, LMVT for x €[-7,-1]
fD)-f(=7) f(=1)+3 _
= <2= s <2=f(-1)<9
From, LMVT for x € [-7,0]
FO-FCT)
o+7 -

“Lﬁsz:f(msn

~F(0)+1(=1) <20

Question121

Let S be the set of points where the function,
f(x)= | 2—| x-3ll, x €R, is not differentiable.
Then y f(f(x)) is equal to

XES

[NA Jan. 7,2020 (I)]

Answer: 3

Solution:

«f(x) is non differentiable atx =1, 3, 5
[ +x=3|is not differentiable at x =3]
XEEE) = (1) +£(£(3)) +(E(5))

=1+1+1=3

Question122

Ifx=2sin@—-sin20andy=2cos0—cos20,0 € [0, 2n],then3—2§ at0=mis :
[Jan. 9, 2020 (1I)]
Options:

3
A. i

3
B.g

3
C.3



-3
D.—

Answer: B

Solution:

It is given that

x=2sin0—sin20 .....(I)
y=2co0s0—=co0s20 ....... (ii)
Differentiating (i) w.r.t. theta, we get
% =2cos0—2cos26
Differentiating (ii) w.r.t. 6; we get
dy _ 5. .

10 2sin@®+2sin26

From (ii)\+(i), we get

.dy _ sin20—sin0

“dx  cos®—cos20

2sin 9 .cos 29
_ 2 2 _ .30
30 cot TN (iii)
2 sin > sin >

Again, differentiating eqn. (iii), we get

Question123

2

If y(a) = \/z(w) +-L,0€ (%‘,n),then%ata=%ﬂis:

1+tana sin“a

[Jan. 7, 2020 (D)]

Options:

Answer: A

Solution:

2sina cosa (A
_ coso sina 2cos%0 1
y(o) = - —

2 i )
sec o S G.COSO.  sin“q

i |
= {2 cot o+ cosec’a = V2 cota+ 1 +cot’a

=|1+cota| =—1—cota [’-‘ae (%Tn,n)]

g—Z:coseczaﬁ(g—(};)u:%:4

Question124



Let y = y(x) be a function of x satisfying y\/ 1-xX’=k-x \/ 1- y2 where Kk is a constant and y (%)
d =1 .

Then $ at x = 5, is equal to:

[Jan. 7, 2020 (II)]

Options:

5
A. e

NS

wlgr Gl

D.

Answer: B

Solution:

Given,x=%,y=1:xy=7—1

3 8
L2, T
241 -x%

Question125

For all twice differentiable functions f : R — R, with f (0)=f(1)=f'(0)=0
[Sep. 06, 2020 (I)]

Options:

A.f"(x) #0 atevery point x € (0,1)
B. f"(x) =0, for some x € (0,1)
C.f"0)=0

D. f"(x)= 0, at every point x € (0,1)
Answer:'B

Solution:

Letf : R — R, with f(0)=f(1)=0and f'(0)=0
~f(x) is differentiable and continuous and
f0)=£(1)=0

Then by Rolle's theorem, f'(c) =0,c € (0, 1)
Now again

+f'(c)=0,f'(0)=0



Then, again by Rolle's theorem,
f"(x) =0 for some x € (0, 1)

Question126

If y2 + loge(coszx) =y,XE ( -
[Sep. 03,2020 (I)]

5 g) , then :
Options:
A.y"(0)=0

B.ly'(O+1y"(0)| =1
C.y"(0)=2

D.[y'O)+[y"(0) | =3

Answer: C

Solution:

y2 +2log (CoSX) =y .. (i)

=>2yy' —2tanx =y’ ...... (i)

From (i), y(0) =0 or 1

~y'(0)=0

Again differentiating (i) we get,
2y') +2yy' —2sec’x =y’

Put x=0,3(0)=0, 1 and y'(0) =0
we get, [y"(0)| = 2.

Question127

Let f (x) =x. [%l , for —10 <x <10, where [t] denotes the greatest integer function. Then the number of

points of discontinuity of f is equal to
[NA Sep. 05, 2020 (I)]

Answer: 0

Solution:

We know [x] discontinuous for x € Z
f(x)=x [ %] may be discontinuous where % is an integer.
So, points of discontinuity are,
x =+2, +4, 46, +8 and 0
butatx=0
lim f(x)=0=£(0)= lim f(x)

Xx—0" X—0

So, f(x) will be discontinuous-at x =+2, +4, +6 and +8 .

Question128



If a function f (x) defined by

ac*+be ¥, -1<x<1
f(X)= cxz, 1<x<3

2
ax” +2cx, 3<x<4

be continuous for some a, b, c € R and f'(0) + f’(2) = e, then the value of a is :
[Sep. 02, 2020 (I)]

Options:

1
“e?—3e+13

__t o
e’ —3e—13

e
e +3e+13

e
¢ —3e+13

Answer: D

Solution:

Since, function f (x) is continuous at x =1, 3

“f(1) =19
sae+be ' =c..()
f(3)=£3")
=9c¢=9a+6¢ = ¢ =3a...(ii)From (i) and (ii),
b = ae(3 —e)...(iii)
ae*—be ¥ —1<x<1
f'(x) = 2cx 1<x<3

2ax+2¢ 3<x<4

f'(0)=a—b, f'(2)=4c
Given, f'(0)+f'(2)=e
a—b+4c=¢
From egs. (i), (ii),(iii) and (iv),
a—3aetac +12a=e
=13a—3ae+aec’=e

e

=a=—
e —3e+13

Question129

Letf : R — R be a function defined by f (x) = max{x, xz}. Let S denote the set of all points in R, where f
is not differentiable. Then:
[Sep. 06, 2020 (1I)]

Options:

A. {0, 1}

B. {0}

C. n( an empty set )
D. {1}

Answer: A

Solution:



ES

0, (1,0)

£(x) =max{x, x°}

xz, x<0
=>f(x) = X, 0<x<1
xz, x>1
~f(x) is not differentiable at x = 0, 1

Question130

kl(x—n)z—l, X<m

is twice dif-ferentiable, then the ordered pair (k, k,) is equal to:

k,cosx, X>7

If the function f (x) {

[Sep. 05, 2020 (D)]

Options:

A(%l)

B. (1,0)

c(;—q
D. (1,1)

Answer: A

Solution:

f (x) is differentiable then, f (x) is also continuous.
“ lim )= lim () =1f(7)

X—om X—n

=>-1=-K,=K,=1

{ 2K (x—m) : x<m
af'(0) =

K, sinx X>T7
Then, lim f(x) = lim f(x)=0

X = X—T

2K, ; Xx<m
f"(x)=
-K,cosx ; x>m

Then, lim f(x) = lim f(x)

X—>m Xm

=2K,=K,=>K,=

~ N=

1

N [— =

So, (K ,,K;) = (

Question131

Let f be a twice differentiable function on (1, 6). If f(2) =8,f'(2)=5,f'(x) > 1 and { " (x) > 4, for all
X € (1, 6), then
[Sep. 04, 2020 (I)]

Options:



A. f(5)+£'5)<26
B.f(5)+f'(5)>28
C.f'5)+f"(5)<20
D.f(5) <10
Answer: B

Solution:

Let f be twice differentiable function
'-'f'(X) 2 1

Lf6) g £2) 2y

=£(5)=23+£(Q2)

=>f(5)>3+8=>f(5)>11
and also f"(x) >4

:% >4 f(5)>12+4f'(2)

=f'(5)>17
Hence, f(5)+f'(5) > 28

Question132

Suppose a differentiable function f (x) satisfies the identity f(x +y) =f(x) +f(y) + xy2 + xzy, for all real x
andy. If;, % =1, then f'(3) is equal to

x—0

[NA Sep. 04, 2020 (I)]

Answer: 10
Solution:

f(x+y) =)+ f(y)+xy*+x%y
Differentiate w.r.t. x :
£/(x+y)=f'(x)+ 04y +2xy
Puty=-x
£0) = f/(X) +X° = 2% ... (i)
< 1im X = 15 £(0) =0

x=—0 X
A0 =1 ... (ii)
From equations (i) and (i),
f'x)=x>+1)=f'(3)=10

Question133

The function

Titan'x, x|<1

fo=14 *

E(\lel), x|>1
is:
[Sep. 04, 2020 (IT)]
Options:

A. continuous on R — {1} and differentiable on R — {1, 1}



B. both continuous and differentiable on R — {1}.

C. continuous on R — {—1} and differentiable on R — {—1, 1}

D. both continuous and differentiable on R — {—1}.

Answer: A
Solution:

—x2— 1, $ <1
f(x)= %+tan71x, -1<x<1

(=1,0) (0, 0) (1,0

1]

It is.clear from above graph that,

f (x) is discontinuous at x = 1.

i.e. continuous on R — {1}

f (x) is non-differentiable at x = — 1, 1
i.e. differentiable on R— {1, 1}.

Question134

T2 B
The derivative of tan ' (“%M ) with respect to tan : (

[Sep. 05, 2020 (11)]
Options:

24
5

V3
B'E

)
3

B
“10

A.

D

Answer: D

Solution:

Letu=tanfl(\“+—xzil)
X

Putx=tan0 = 0 =tan 'x

~u=tan ' (w) =tan ! (tang)
) tan 0 2
tan 'x

1
2

Nl

d 1

(1+xY

=1

X

N —

(=N

X

25(\“‘1*)(2

1-2x

)atx

0=

el



ZXVII*xz)
1-2%

Put x=sin¢ = ¢ =sin 'x

25in¢cos¢) =tan71(tan2¢)
cos2¢

=2¢=2sin 'x

dv 1
dv_o_
dx  Ty1-x®
du_du/dx_ 1=-x

dv dv/dx 4(1+x2)
L(du _\3
"(dv)(X: ) 1

Letv=tan ' (

V=tan71(

2

N —

Question135

If(a+\/fbc0sx)(a—\/§bcosy) = az—bz, where a > b > 0 then g—; at (%, g) is
[Sep. 04, 2020 (1]
Options:

a—2b
A. a+2b

B. a—b

C atb

D. 2a+b

Answer: C

Solution:

(a+ \2b cos x)(a— \2b cos y) = a’— b’
Differentiating both sides, _
(—V2bsin x)(a— V2b cos y) +(a+\2bcosx)
(VZbsiny)dY —o
dx

dy _ (\2bsinx)(a—\2bcosy)
>-J= —

dx " (a+\2bcosx)(V2bsiny)

AR (33 ==

_a—b __dx_atb
a=b

Question136

Ify=élkcos_l{%coskx—%sinkx},theng—iatx=ﬂis .
[NA Sep. 02,2020 (I1)]

Answer: 91

Solution:

6
y=_3 kecos ' {Ecoskx—ﬂsinkx}
k=1 5 5

Let cosa= % and sina=

Wl



6
=1 . .
~y= 3 kcos {cosacoskx —sinasinkx }
k=1

keos (cos(kx + a))

\leIMm

6
k(kx+a)= Y (kK*x+ak)
1 k=1

2_6(NA3) -
k 5 91

=~

o
<
Il

1Mo

(=N
>
o~

Question137

Let f: R — R be a function defined as

5, if x<l1

f _ a+bx, if 1<x<3

x)= b+5x, if 3<x<5
30, “if x>5

Then, fis :
[Jan 09, 2019 (D)]

Options:

A. continuous ifa=5andb=>5

B. continuous ifa=—5and b = 10

C. continous ifa=0andb=15

D. not continuous for any values of a and b

Answer: D

Solution:

Let f(x) is continuous at x = 1, then
f(1)=f1)=~f(1"

=5=a+b...(1)

Let f(x) is continuous at x = 3, then
f3)=f3)=f@3")

sa+3b=b+15 ......(2)

Let f(x) is-continuous at x = 5, then

f(5) =f(5)=1(5")

=b+25=30

=2b=30-25=5

From (1),a=0

But a =0, b =35 do not satisfy equation (2)
Hence, f(x) is not continuous for any values ofa and b




